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Voigt’s theory for the rotation of the plane of polarization of light by a magnetic 
field is discussed and one of the equations used by W. Kartschagin and E. Tschet- 
werikowa who investigated the Faraday effect with x-rays transmitted through ferro- 
magnetic materials, is shown to be inapplicable. The theory for the effect given by 
Drude is modified for the case of x-ray wave-lengths giving a rotation of x = —2pelL 
/me radians. p is the refractive index, J is the intensity of magnetization, / the thick- 
ness of the material through wich the x-rays are transmitted. The other quantities 
have their usual meanings. Kartschagin and Tschetwerikowa found evidence sug- 
gesting a rotation in the case of x-rays. An experiment was performed which con- 
firmed these suggestions and which checked the equation for x given above well within 
the experimental error. The experimental error was large, but a rotation of the order 
of 10° was shown to occur for x-rays of wave-length 0.3A transmitted through 0.05 
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cm of iron in a field of 300 gauss. 







INTRODUCTION 






HE Faraday effect with x-rays has been studied by Kartschagin and 

Tschetwerikowa! using paraffin and iron in the magnetic field to produce 
a rotation of the plane of polarization. Their results were negative in the 
case of paraffin, but in the case of iron they say that their experimental re- 
sults do not entirely justify the conclusion that a rotation exists but indicate 
a rotation of about 10°. They used iron of effective thickness about 0.01 cm 
in a magnetic field of 750 gauss. They compared their experimental results ) 
with Voigt’s*? theory which, under their experimental conditions, predicted 
a rotation of only 4’. 

It is the purpose of this paper to discuss the applicability of Voigt’s equa- 
tion to paramagnetic materials; to modify the theory of Drude’ for x-ray 
frequencies; to describe an experimental investigation on iron, indicating the 
differences between the method used and that of Kartschagin and Tschet- 
werikowa; and to compare the experimental results with the predictions of 
the two theories. 
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1 W. Kartschagin and E. Tschetwerikowa, Zeits. f. Physik 39, 886 (1926). 
2W. Voigt, Magneto- und Elektrooptik, p. 130. Much of the fundamental work of this theory 

is due to H. Becquerel, C. R. 125, 679 (1897). 

3 P. Drude, The Theory of Optics, Ch. VII. 
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APPLICABILITY OF VOIGT’s EQUATION 


On the basis of the electromagnetic theory Voigt deduces an equation 
for the rotation, x, of the plane of polarization of light traversing a distance 
/ of a material in the direction of an applied magnetic field of strength Ro, vis: 


x = Noe, mc*-dw dr (1) 


where e, m, ¢ and X have their usual meanings and yp is the refractive index 
of the material. All quantities are in the C.G.S. system. This equation is not 
applicable to ferromagnetic materials since it is well known‘ that in this case x 
is proportional to the intensity of magnetization and not to the magnetic 
field strength. Voigt himself points this out.’ It does not suffice to substitute 
for Ro the field produced by the magnetization alone, i.e., 4477 where J is 
the intensity of magnetization, since Eq. (1) is deduced on the assumption 
that the equations of motion of an electron in the medium under the action 
of the incident light and the applied magnetic field are * 


mi + hs + kx — (eRy/c)- § = eX 


my thyt+kvy t+ (eRo oc} 8 = eV 


mi+hi+kz=cZ. 


In these equations the incident light travels in the direction of the magnetic 
field, # and & are the friction and elastic constants respectively and the other 
quantities have their usual meanings. Since eRo /c cannot be replaced in these 
equations by 47Je ‘cit is not permissible to do so in Eq. (1). 

As it is not known how to modify the magnetic force factors of Eqs. (2) 
for paramagnetic materials, the problem is attacked in a different way. 


MopIFICATION OF DRUDE’s THEORY FOR X-RAYS 


Drude assumes that a material contains rotating ions, electrons, whose 
magnetic moments may be alined, at least in paramagnetic materials, by the 
application of a magnetic field. The only effect of the electric field of a light 
wave is to displace the center of rotation of the electron if the natural fre- 
quency of the electron is far removed from that of the incident light. Thus 
the time rate of change of magnetic flux through a given area is composed 
of two parts, viz: the change which is produced directly by the magnetic vec- 
tor of the light wave, and the change produced by the motion of the center 
of rotation of the electron due to the action of the light wave. Drude calcu- 
lates these quantities and the corresponding current densities and substitutes 
directly in Maxwell's equations. On this basis he deduces the index of refrac- 
tion and the rotation of the plane of polarization. 

The index of refraction, pu, is given by: 


w= 1+ Dann, + DeBine (3) 
h k 


4 P. Drude, reference 3, p. 449. 
5 W. Voigt, reference 2, p. 20. 
® W. Voigt, reference 2, p. 125. 
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where the subscripts / and k refer to nonconducting and conducting electrons 
respectively. 2 is the number of a particular type of electron per unit volume 
and a and 8 are functions of the properties of the medium and the period of 
the incident light. 8 is proportional to the square of the period and may be 
neglected in the case of x-rays-since the frequency is very high. This approxi- 
mation has been shown to be valid by experimental determinations of » which 
agree within experimental error with Eq. (3), even for conductors, when 8 is 
put equa! to zero. In this case h goes from 1 to the total number of different 
types of electrons present whether conducting or not. 

Lorentz’ also derives an expression for uw, namely: 


wu? = 1+ e7/rm- yon (v,2 — v?) (4) 


where e and m have their usual values, v, is the natural frequency of all of 
the 7, electrons and vr is the frequency of the incident light. Since the sums in 
Eqs. (3) and (4) are taken over the same range we can solve for aa. 


9 


a, = e?/rm(v,? — v*). (3) 


Drude also shows that the plane of polarization of plane-polarized light 
is rotated through an angle, x, when a beam of light passes through a mag- 
netized substance in a direction parallel to the magnetic field. x is given by: 


x = ful/2c*r* (6) 


where / is the thickness of the material traversed by the light, ¢ is the velocity 
of light and r=2zv. By convention x is positive when the rotation is right- 
handed to an observer looking in the direction of the field. f is given by the 
equation 


f _ (1 Cc): Soni/anq 7; =< yon,’B ] T.. (7) 
h 


Drude assumes that an electron of type / moves in an orbit of area gq, 
with a period 7. n,’ is the effective number of electrons of this type per unit 
volume having their magnetic moments parallel to the external magnetic 
field. It is shown also that the number of lines of magnetic induction per unit 
area produced by these 7,’ electrons is 


M,, — Aregy ny’ eT). (8) 


The total flux per unit area is 


del = DOM, (9) 


where J is the intensity of magnetization. 
We may neglect the second sum in Eq. (7) as was done in Eq. (3) and 
combining Eqs. (7) and (8) we get 
f = YoanM,/Are. (10) 


} 





7H. A. Lorentz, The Theory of Electrons, 2nd Ed. p. 149. 
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It has been shown’ that for x-rays we can neglect v,2 compared to v’*. 
Thus Eq. (4) becomes 


ma? = 1 — e?n/rmyr? \ 
, 11) 
( ( 


or w= 1 — e*n/2rmyr* 


This is the usual expression for yu. 

Here x = Y,n, =the total number of electrons per unit volume and since yu 
differs only slightly from unity, the approximation in the second of Eqs. (11) 
is justified. Also Eq. (5) becomes 


a, = — ec rmy?. (12) 
Combining Eqs. (9), (10) and (12) we get 


f=- Lew, drtemy? = — el / army". (13) 


/ 


Substituting from Eq. (13) in Eq. (6) 


(14) 


= — JIruell/me*. 


It can be seen from Eq. (11) that u<1 and ay, is negative. Consequently 
it appears that the sign of x has a real significance in this case. For example, 
iron shows a positive rotation for visible light and in this range »>1. Thus 
the quantity corresponding to a, is positive for this region and x is calculated 
as positive. The minus sign here indicates then that the rotation will be nega- 
tive. The direction of rotation cannot be predicted for ordinary light from 
the magnetic properties of the substance but if the direction is known in one 
case and the calculated x is of opposite sign in a second case, it is expected 
that the direction of rotation will differ in the two cases. 

The work of several experimenters® has shown that the planes of elec- 
tronic orbits are not rotated in a magnetic field but it may be pointed out 
that the deduction of Eq. (14) is independent of the mode of magnetization 
and depends only on the assumption that magnetization is an electronic 
effect. 

It is interesting to note that x is independent of the wave-length, A, of 
the x-rays except in so far as uw is a function of \. Since yw is very nearly unity 
for a wide range of x-ray wave-lengths, it is to be expected that x will be ap- 
proximately constant for all x-rays. 


8 H. A. Lorentz, reference 7. 

® M. de Broglie, Le Radium 10, 186 (1913). 
Kk. T. Compton and E. A. Trousdale, Phys. Rev. 5, 315 (1915). 
A. H. Compton and Oswald Rognley, Phys. Rev. 16, 464 (1920). 
T. D. Yensen, Phys. Rev. 31, 714 (1928). 
J. C. Stearns, Phys. Rev. 35, 1 (1930). 
J. C. Stearns, Phys. Rev. 35, 292 (1930). 
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THE EXPERIMENTAL ARRANGEMENT 


The general radiation of effective wave-length about 0.3A from a gas- 
filled x-ray tube was used in these experiments. This white radiation was 
about 10 percent polarized thus giving a much greater effective intensity than 
could be obtained by scattering. The arrangement of apparatus is shown in 
Fig. 1. The x-rays passed through holes in the pole pieces of an electromagnet, 
in a direction parallel to the magnetic field, and fell upon a cylindrical carbon 
scattering block which served as analyzer. The radiation scattered by the 
carbon block at right angles to the primary beam was detected by a photo- 
graphic film bent into the shape of a cylinder having the same axis as the car- 
bon block. The diameter of the cylindrical film holder was about 4 cm and 
of the block about 0.5 cm. The total distance from target to analyzer was 
about 25 cm. The holes in the pole pieces were just large enough to ensure 














Fig. 1. Arrangement of apparatus. T is the target of the x-ray tube, N and S are the perforated 
magnetic pole pieces, J is the iron disk, C is the carbon analyzer and F is the photographic film. 


uniform illumination over the scattering block. Any desired thickness of iron 
could be placed between the poles of the magnet. 

The x-rays had a predominant polarization with the electric vector in the 
plane containing the stream of incident cathode rays at the target. The angle 
which this plane made with the straight line joining cathode and target de- 
pended upon the strength of the field produced by the magnet at the center 
of the x-ray tube. Thus a reversal of the magnetic field produced a rotation 
of the plane of predominant polarization even if there were no substance be- 
tween the poles of the magnet. In order to eliminate this effect produced by 
the change in the direction of the cathode rays photographs were taken with 
different thicknesses of iron between the poles. The thickness of the iron 
was never changed enough to affect the magnetic field in the x-ray tube. 

Photographs were taken with 0.05 cm and 0.075 cm of iron between the 
poles of the magnet with the field first in one direction and then in the other. 
A fixed lead stop between the scattering block and the film and just in front 
of the latter served to mark a constant angle with the axis of the x-ray tube 
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on the various films used. A microphotometer was used to measure the in- 
tensity on the film. As a continuously-recording microphotometer was not 
available the galvanometer deflections were read directly and the curves 
plotted. Fig. 2 shows two typical examples. These two curves represent the 
intensity arriving at the film after passing through 0.075 cm of iron in the 
magnetic field. Curve (1) was taken for the magnetic field in the direction 
of propagation of the x-rays and curve (2) with the field reversed. The angu- 
lar displacement of one of these curves with respect to the other measures 
the combined effect of the magnetic field on the cathode rays and of any 
roation of the plane of polarization in transmission through the iron. The 
process was repeated using 0.05 cm of iron between the poles of the magnet. 
Since the effect on the cathode rays was the same as in the case for the thicker 
iron, any difference between the angular displacement of these curves and 
of those for 0.075 em of iron measures the rotation of the plane of polariza- 
tion produced by 0.025 cm of iron upon reversal of the magnetic field. 


Ad 





co ©co co 
~ > ~~ 


 ~™ 
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Galvanometer deflection 
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Fig. 2. Microphotometer curves. 


Three sets of curves for each thickness of iron were obtained, the average 
displacements measured and the mean differences found. 

The iron used was in the form of disks 0.025 em thick and of diameter just 
greater than the holes in the pole pieces. On account of the difficulty of de- 
termining the magnetic properties of the iron and of estimating the demag- 
netizing effect of the free poles, a direct measurement of magnetization was 
made. As is well known" the force between two magnetic poles in contact is 
27J* dynes per cm*. The force required to separate one of the disks from the 
other two in the field was measured and the intensity of magnetization calcu- 
lated. This was repeated with but two disks present. Mechanical difficulties 
rendered these results somewhat inaccurate but they are probably as precise 
as the measurement of angular displacements. The strength of the magnetic 
field producing magnetization was measured in order to test Voigt’s equation. 


10S. G. Starling, Electricity and Magnetism, p. 283. 
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If there is appreciable dispersion in the magnetic rotation the apparent 
percentage of polarization should be less with a magnetic field across the iron 
than without the field. That is, if the planes of polarization of different wave- 
lengths were rotated through different angles, the microphotometer curves 
would be flattened by the application of a field. No appreciable difference in 
the apparent percentage of polarization was obtained with the iron mag- 
netized and not magnetized. Kartschagin and Tschetwerikowa did obtain a 
difference in this case but they were using the iron itself as the analyzing 
scatterer. They assumed that the effective thickness of iron traversed before 
scattering was equal to the thickness of iron which would absorb one-half of 
a primary beam of wave-length equal to the wave-length of maximum energy 
from their x-ray tube. Thus their primary rays travelled various distances in 
the direction of magnetization before analysis and a decrease in the apparent 
percentage of polarization is to be expected even if there is no dispersion. 


TABLE I. 
Trial 6,°(1=0.05 cm) @.°(1=0.075 cm) 0. —86; 
at ee — Rs X2 —~X1 

1 —4.3 —14.4 from from theory from Voigt's 

2 —4.3 —15.8 experiment given in this theory for 

3 —5.8 —15.8 paper nonferromag- 
netic materials 

Average —4.8 —15.3 —10.5 —14.0 —1.1 10-7 


In Table I 6; is the apparent rotation produced by a thickness of 0.05 cm 
of iron, and @2 by 0.075 cm, on reversal of the field. Both 6; and @2 include the 
effect of the field on the cathode rays. One might expect @ to be much larger 
compared to #2. However the demagnetizing effect of the free poles is con- 
siderably reduced on increasing the thickness of the iron so that by Eq. (14) 
x is increased by the increase of both / and 7. The magnetic field was kept 
constant at 300 gauss. The intensity of magnetization measured 79 unit poles 
per cm? for 0.05 cm of iron and 97 unit poles per cm? for a thickness of 0.075 
cm. 6.—86, is independent of any magnetic effect on the cathode rays. Values 
of x were calculated for these two cases, x; for 0.05 cm of iron and x2 for 0.075 
cm of iron both from Voigt's theory (Eq. 1) and from Eq. (14). x2— x: is given 
in Table I for comparison with @.—6; as observed. du/dX was calculated for 
Eq. (1) from Eq. (11). The minus sign indicates the direction of the rotation 
in the conventional manner. 


CONCLUSIONS 

The results given in the last three columns of Table I differentiate be- 
tween the two theories in a striking and unmistakable way. Voigt’s theory is 
certainly not applicable in this case. The comparatively large estimate of 
the rotation, +’, made by Kartschagin and Tschetwerikowa in their case for 
Voigt’s equation came about since their effective wave-length was near the K 
absorption level of iron. Thus their estimate of du/dd, based on the anomalous 
dispersion theory, was many times that given by Eq. (11). The effective fre- 
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quency used in the present experiments was certainly so much greater than 
any of the characteristic frequencies of iron that Eq. (11) contains no ap- 
preciable error. 

It is very difficult to estimate the probable error in the experimental 
value of x2— x1. After careful consideration of the various errors which may 
have entered due to the particular equipment used, and to the photographic 
method of measuring intensities, the author is forced to conclude that the 
results given here indicate only the correct order of magnitude of the effect. 
However it can be concluded with little doubt that the plane of polarization 
is rotated a few degrees under the conditions described. For these reasons no 
calculation of the Verdet constant has been made from the experimental re- 
sults. It is greatly desired that accurate ionization-chamber measurements be 
made, using a much steadier source of x-rays than was available for this work, 
and it is hoped that such work, if not done elsewhere in the meantime, may 
be accomplished in this laboratory in the near future. 

The author wishes to take this opportunity to thank Drs. W. and M. L. 
Rowles, and his wife, Ethel Froman, for their advice and assistance in the 
experimental part of this work. 
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New Measurements of the Ranges of Alpha-Particles from Polo- 
nium, Uranium I and Uranium II with the Wilson Chamber* 


By F. N. D. Kuriet 


Sloane Physics Laboratory Yale University 
(Received July 5, 1932) 


The Wilson cloud chamber method of range measurement described by the 
author in another paper has been applied to the a-particle ranges of polonium, ura- 
nium I, and uranium II. The polonium measurements were undertaken as a check on 
the method, but are in sufficiently good accord with previous results to stand alone. 
The range of polonium a-particles at 0°C and 760 mm is 3.690 +0.005 cm. The range 
of uranium I @-particles is 2.58 +0.015 cm and that of uranium II a-particles is 3.11 + 
0.01 cm. The polonium range is derived from 335 tracks while the uranium ranges are 
due to a total of 594 tracks. A method of separating the number-distance curves of the 
two uraniums is described which eliminates the uncertainty of finding the shorter 
range. The uranium data are in excellent agreement with the results of Laurence. This 
agreement is thought to be entirely fortuitous in so far as uranium I is concerned. The 
precision of Laurence’s work is criticised. 


INTRODUCTION 


Ae beam of a-particles does not possess a sharp terminus, but 
the distances traversed by single particles before they can no longer be 
detected are governed by a probability law such that the number of particles 
stopping between x and x+dx (the distance x being measured from the 
source) is given by the normal probability function (1/am'*) exp (x—/)?/a’, 
where a is a parameter called in this case the straggling coefficient. The dis- 
tribution is symmetrical about /, the most probable range. There are many 
reasons why it is more desirable to use this range in other discussions, but 
experimental difficulties, however, have made it hard to assign precise values 
to it so one usually measures the extrapolated number-distance range defined 
by the following considerations. The number N of a-particles which pass 
beyond a given distance x is readily obtainable by integrating the normal 
function and is N=(1/2){1—erf (x—l)/a}. This curve exhibits a sharply 
descending linear portion which on extrapolation meets the distance axis at 
R (the extrapolated number-distance range), where R is given by R=/+ 
r'a/2. This may be written independently of a for short range particles, by 
making use of the data relating a to R given by Briggs.' Thus, 


R =14+4.2R"2(1 — 1.51/R}"/2(10)-2. 


Another type of range is given by ionization current measurements, the 
interpretation of which is more obscure than that of the ranges derived sta- 


* Part of a dissertation presented for the degree of Doctor of Philosophy at Yale Univer- 


sity. 
+ Sterling Fellow. 
1G. H. Briggs, Proc. Roy. Soc. A118, 594 (1928). 
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tistically from measurements on single particles. The relation between the 
ionization range and the number-distance range has recently been derived 
by Lewis and Wynn-Williams? on the basis of the ionization curve of a single 
a-particle. They deduce that the extrapolated number-distance range ex- 


r. ae 


KURIE 


ceeds the extrapolated ionization range by 0.006 cm. 
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polonium a-particles. 


These remarks have been made with the view of helping to relieve some 
of the lack of uniformity in the interpretation given by different authors and 
texts to the phrase “the range of a-particles.” In this paper the phrase will 
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Fig. 2. Number-distance curve for uranium 


a-particles. 


be taken to refer to the extrapolated number-distance range. 


The author has outlined in another paper’ the procedure for obtaining the 
range of a-particles from weak sources. This briefly consists in taking two 
photographs of the tracks due to the a-particles in question formed in a large 


POLONIUM 


2 W. B, Lewis and C. E. Wynn-Williams, Proc. Roy. Soc. A136, 349 (1932). 
3 To be published in the Review of Scientific Instruments. 


























RANGES OF ALPHA-PARTICLES 703 
Wilson cloud chamber, and from them reconstructing a replica of the original 
track. This replica is measured and reduced to standard conditions (0°C, 
760 mm). Because of the large size of the sources employed there are no slits 
or shutters; tracks are formed on ions of all ages. Those formed at constant 
density after an expansion are, however, much sharper than any others. 
That this sharpness can be used as a criterion for rejecting old tracks needs 
proof, and it was for that purpose that the range of polonium a-particles was 
examined 

The sources were prepared on silver wires, about 10 cm long and 0.001 
inch in diameter, by deposition from a weakly acid (HCI) solution of polo- 
nium. It was found that with even the weakest of acid solutions there was 
a noticeable tarnish on the wire. It seemed likely that the only compound 
which might be formed would be silver chloride, which is soluble in ordinary 
hypo. A source deposited on a polished silver plate and showing the tarnish 
became perfectly clear on bathing it in hypo, without having lost any ac- 
tivity. A wire source after treatment with hypo gave a range 0.03 cm in excess 
of measurements before the treatment. The variation from source to source 
was never more than 0.01 cm, even with badly tarnished sources; after the 
hypo treatment was introduced the variation dropped below this value. All 
the sources used in the final measurements were bathed in hypo. 

The results are shown in Fig. 1. The distribution curve of the ranges is 
shown in outline; it is drawn for dx=0.05 cm. The number-distance curve 
is plotted on a percentage scale, 100 percent corresponding to 335 tracks. 
Extrapolating the linear portion of this curve to the distance axis gives the 
range in the sense defined above, as Rop= 3.690 +0.005 cm at 0°C, 760 mm. 

The limit of reliability is obtained by assigning to each column in the 
distribution histogram the error appropriate to the number of particles it 
contains. One gets thus two limiting histograms and so two limiting number- 
distance curves. The extreme extrapolated straight line portions of these 
meet the distance axis at Ro+p and Ro— >, where p is the limit of reliability. 

This range corresponds to an extrapolated ionization range of 3.68 cm and 
to a mean range of 3.63 cm. The most reliable values of the polonium range 
are given in Table I. Those values marked with an asterisk were not measured 
directly but calculated by some relation of the form already mentioned. 


TABLE I. Range of polonium a-particles. 


Extrapolated Extrapolated 
Observer Mean range number-distance ionization 

range range 
Geiger See 
I. Curie* 3.65 3.72 3.67 
Harper and Salaman‘ 3.67 
Lewis and Wynn-Williams? 3.61 3.65% 
Kurie’ 3.63" 3.609 3.68" 


4H. Geiger, Zeits. f. Physik 8, 45 (1921). 

51. Curie, Ann. de Physique 3, 299 (1925). 

G. I. Harper and E. Salaman, Proc. Roy. Soc. A127, 175 (1930). 
7 This paper. 
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The results of the polonium measurements not only furnish a new value 
for the range of polonium a-particles but they show that the method of using 
the cloud chamber without slits or shutter for the a-particles does not hamper 
its precision. 

URANIUM 


The two uraniums present a particularly difficult problem, being so weak 
that thick sources must be used. This leads to a broadening of the straggling 
curve and nearly masks the fact that the radiation from uranium is complex. 
Indeed, all the work up to 1910 gave uranium a single group of a-particles 
with a range between 2.7 cm and 3.4 cm. 

Recently a number of attempts have been made to measure these two 
ranges more exactly. This has become very important in view of the differ- 
ence between the ionization measurements of Geiger and Nuttall,®’ which 
gave ranges of 2.53 cm and 2.91 cm for uranium I and uranium II respec- 
tively, and the pleochroic haloe measurements of Gudden® which gave ranges 
of 2.68 cm and 2.76 cm for the same bodies. 

The most notable effort is that of Laurence!® who measured the ranges 
in a Wilson cloud chamber getting 2.59 cm and 3.11 cm. His work received 
corroboration from Rutherford" who showed by the scintillation method 
that the range of uranium I] is not less than 3.06 cm, and from Ziegert™ who 
found the number of ions produced per a-particle to correspond roughly to 
ranges of 2.7 cm and 3.1 cm. 

Laurence’s work, while representing a pronounced advance both in the 
technique of the Wilson chamber and in our knowledge of the range of ura- 
nium a-particles, nevertheless seems unsatisfactory and unconvincing as 
a precision measurement. The present work was undertaken because it was 
believed possible to avoid most of the assumptions and corrections used by 
Laurence. 

This author has mentioned elsewhere that it is quite essential for precision 
that a cloud chamber be operated periodically at regular intervals; that the 
length of the interval be chosen with due regard to the thermodynamics of 
the chamber; that the illuminating arc be screened from the chamber until 
the moment of the expansion; and that the camera be properly synchronized 
with the expansion to prevent turbulences altering the lengths of the tracks. 

The reasons which Laurene* gives to prove that 98 percent of the tracks 
he photographed are formed at constant density are quite erroneous. Tracks 
of all ages are present in the chamber, those formed at constant density, 
however, being much sharper. This criterion of selection has already been 
mentioned above. 

The corrections which Laurence was obliged to apply for the obliquity 





8 H. Geiger and J. M. Nuttall, Phil. Mag. [6] 23, 439 (1912). 

* B. Gudden, Zeits. f. Physik 26, 110 (1924). 

10 G, C. Laurence, Trans. Nova Scotian Inst. Science 17, 103 (1927); Phil. Mag. [7] 5, 
1027 (1928). 

1 Sir Ernest Rutherford, Phil. Mag. [7] 4, 580 (1927). 

2 H. Ziegert, Zeits. f. Physik 46, 668 (1928). 
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on 


of the tracks to the chamber floor and for the heating of the gas in the cham- 
ber are difficult to estimate and have been avoided in the present work. 

When one considers two superimposed number-distance curves it is clear, 
as is found for uranium, that the range of the shorter group is got by extra- 
polating the linear portion of the upper curve to the flat maximum of the 
lower curve (no-particle line of the upper curve). Unfortunately in uranium 
this flat maximum does not show up in the experimental curve. Instead of 
attempting to find its position Laurence has merely extrapolated the gentle 
curve of the uranium II particles until it cut the extended straight part of 
the uranium I section, calling their intersection the range of uranium I. A 
method will be described later which accomplishes the separation of the two 
curves and allows the shorter range to be got without such uncertain extrapo- 
lation. 

Laurence’s work, then, does not appear to be entirely unsusceptible to 
improvement. All possible improvements have been used in the present 
measurements. 

The sources were prepared from uranium oxide (U;0s) by the method of 
McCoy" on a backing of mica 0.01 cm long, 1 cm wide and 0.001 inch thick. 
Subliming from an are did not yield satisfactory sources; their weight and 
ionization currents did not check. That impurities are unavoidable in this 
respect is substantiated by Laurence’s report that he got one track in 80 ex- 
pansions from a source rougly four times as heavy as the ones here used which 
gave 0.6 tracks per expansion. This is much greater than can be explained 
on the basis of the relative sizes of the two cloud chambers. 

The final results are shown in Fig. 2 in the form of a number-distance 
curve plotted on a percentage scale, 100 percent corresponding to 594 tracks. 
The curve consists of two portions, one pertaining to uranium I and the other 
to uranium II. The range of a-particles from uranium II (uncorrected for 
absorption in the source) is 3.06 cm. 

The same data are shown in Fig. 3 plotted on probability paper, where 
the curve has reduced to three straight lines. The conclusion at once suggests 
itself that the midpoint 1/ of the short connecting line gives the fraction of 
uranium II tracks. This idea was tested by constructing several two-com- 
ponent number-distance curves, whose relative proportions were known, dis- 
torting these by adding an excess of short range particles and plotting them 
on probability paper. The excess of short range particles was known from the 
work of Mile. Curie and from the observations of the author in connection 
with the polonium measurements to be in the neighborhood of 10-15 percent 
of the total. The fractions of the two curves as got from the midpoint of the 
short connecting line were in all cases within 1 percent of their known values. 
We thus find the uranium group to constitute 26.5 percent of the total num- 
ber of a-particles. 

With this known we can now find the true number-distance curves to 
which the data best conform by making separate plots for uranium I and 


3H. N. McCoy, Phil. Mag. [6] 11, 176 (1906). 
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uranium II on probability paper. These true curves are shown dotted in 
Fig. 2. 

The small fraction of uranium II tracks is due to the solid angle available 
for complete tracks in the cloud chamber being smaller for the long range 
particles than for the short range particles. A very rough calculation from 
the dimensions of the chamber has borne this out quantitatively. 


Tr! fete. 














, 20 ~+»3©50 80 99 
PERCENTAGE 


Fig. 3. Number-distance curve for uranium a@-particles plotted on probability paper. 


The correction for absorption in the source was calculated by Laurence 
in the paper discussed above. For sources of the thickness used in these 
measurements (of the order of 2 mg /cm*) the correction is independent of the 
thickness and reduces to am'?/2, where a is the straggling coefficient. The 
straggling coefficients are 0.048 cm and 0.058 cm, respectively, for uranium 
I and uranium II, so that the corrections are 0.043 cm and 0.051 cm. 

The final corrected ranges at 0°C and 760 mm are 

Ry I = 2.58 + 0.015 cm; 

Ry y =3.11+0.01 cm. 
The limits of reliability have been calculated in the same manner as was done 
for polonium, but in addition the uranium I range is subject to an uncertainty 
due to the error in ascertaining the fractions of the two groups. This latter 
was estimated from the experiments with the fictitious curves to be 1 percent, 
corresponding to 0.006 cm in the range. 


These results clearly agree with those of Laurence within the experimental 
error. This agreement is believed to be entirely fortuitous in so far as uranium 
I is concerned, for had the data been treated in the manner of Laurence a 
very much smaller value would have been obtained—nearer 2.50 cm than 
2.59 cm, 
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The value of the half-life of uranium II as deduced from the range of its 
particles, assuming the Geiger-Nuttall law, is much smaller than that meas- 
ured by Walling™ and Collie.” When the range and Walling’s value of X is 
plotted on a Geiger-Nuttall graph of the uranium-radium series uranium II 
falls off the curve. The reason for this is not clear; the range seems to be 
sufficiently well established to lay the divergence to either a failure of the 
Geiger-Nuttall law or to inaccuracies in the experimental determinations of 
. The latter seems more probable since uranium I fits the slight curve (best 
form of the Geiger-Nuttall law) very well. 

The author is greatly indebted to Professor Alois F. Kovarik, who sug- 
gested this problem, for the kind interest he showed and the friendly counsel 
he gave during the course of the experiments. 





4 E. Walling, Zeits. f. physik. Chem. 10, 467 (1930). 
% C,H, Collie, Proc. Roy. Soc. A131, 541 (1931). 
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The Relativistic Thomas-Fermi Atom 


By M.S. VALLARTA AND N. ROSEN 


Massachusetts Institute of Technology 


(Received August 4, 1932) 


The Thomas-Fermi equation determining the inner atomic potential and the 
charge distribution is generalized to take care of the relativistic change of mass with 
velocity. The relativistic equation is then solved numerically by means of a first 
order perturbation method and with the help of the differential analyzer. The solu- 
tion is applied to the case of mercury and it is shown that while the atomic potential 
changes only slightly, the charge density is appreciably increased in the immediate 
vicinity of the nucleus and slightly decreased at larger distances. 


HOMAS' and, independently, Fermi? have devised a valuable heuristic 
statistical method of finding the potential and the electron distribution 
around an atomic nucleus, in which the electrons are treated as if they formed 
an ideal gas obeying the Fermi-Dirac statistics. The charge density obtained 
in this manner, although admittedly not the actual one, is a sufficiently close 
approximation, at least for heavy atoms, that it can be successfully used in 
many problems, e.g., the calculation of x-ray scattering by heavy atoms and 
molecules.* It is a matter of some interest to investigate the modifications 
introduced in this atomic model by the relativistic variation of mass with 
velocity. While this correction may be expected to be negligible for most 
atoms, it becomes more appreciable as the atomic number increases because 
for very heavy atoms the electron velocities in the vicinity of the nucleus be- 
come high. For such atoms the electron density close to the nucleus may be 
appreciably changed by the relativity correction. In any case the latter is 
greatest just for those cases where the Thomas-Fermi distribution may be ex- 
pected to be a good approximation to the actual one. Even for heavy atoms 
however, this correction is probabiy less important than the exchange correc- 
tion. No satisfactory method of taking into account the exchange phenome- 
non has yet been devised and hence it will not be considered in the present 
paper.* 
We proceed to derive the relativistic form of the Thomas-Fermi equation. 
Let V be the atomic potential and r the distance from the nucleus; then V(r) 


satisfies the Poisson equation \Y*V = —476 and the boundary conditions: 
lim V = Ze/r lim V =0 (1) 
r—0 12 


1 L. H. Thomas, Proc. Camb. Phil. Soc. 23, 542 (1927). 

2 E. Fermi, Zeits. f. Physik 48, 73 (1928). 

3 The literature in this connection is summarily reviewed by E. O. Wollan, Rev. Mod, 
Phys. 4, 205 (1932). 

‘Pp. A. M. Dirac, Proc. Camb. Phil. Soc. 26, 376 (1930). 
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where Z is the atomic number. The electron density 6 in ordinary three 
dimensional space, taking into account spin and assuming that the electrons 
form a gas obeying the Fermi-Dirac statistics, is 


— 6 = (2¢e/h*)(4rp*/3) (2) 


where e is the electron charge, i Planck’s constant and p the momentum of 
the electrons having maximum energy. For a bound electron the energy E 
(sum of the kinetic and potential energies) is negative and its maximum 
value is zero. From the relativistic Hamiltonian 


p? — (W+eV)?/c? + m,2c? = 0 (3) 


where W=E+m),c? is the total energy, mp» the electron’s rest mass and c the 
velocity of light in vacuum, we have, using the condition E=O or W=myc? 
that 


p? — e2V2/c? — 2moeV = O. (4) 


Hence the electron density now becomes 


— & = (2e/h®)(40/3)(2moeV + e2V2/c2)3/2 (5) 
and from Poisson’s equation 
V2V = 4(2e/h3)(4/3) (2moeV + e2V'2/c2)3/? (6) 


which is the relativistic Thomas-Fermi equation. 
To transform this equation into a simpler form we introduce so-called 
atomic units and the new variables r=ap and V =8¢, where 


aw = ao/Z"3 B= On%eZ4/3/128ap 


~! 


and dp is the radius of the first Bohr circle. Eq. (6) now becomes 


1 ad , do sa ie 
— - (* —) = 981 + 09)*2 (8) 
p* dp dp 
where 
A = eB/2moc? = 1.841 XK 10-524/, (9) 


Eq. (8) can now be solved by a first order perturbation method as follows: 
let 6=@0+Adu, then keeping first order terms we have 


$9/2(1 + AG)? = hol! + (3/2)Ado!!*b1 + (3/2)Ado*? 


and equating like powers of \ in (8) we obtain two equations: 


7*h0 = o0°/? (10) 
V%bi = (3/2)h0'/?(o1 + 0?) (11) 
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of which the first is the ordinary Thomas-Fermi equation whose numerical 
solution is known,’ and the second is the equation for the relativistic correc- 
tion. 


To solve Eq. (11) we place ¢; = F. p and obtain 
d*l dp? = (3/ 2)do' °F + (3/2)pdy>?. (12) 


The numerical value of the coefficients in this equation is calculated from 
the data of Bush and Caldwell.* The boundary conditions for the function F 
are immediately derived from the boundary conditions for 1’; they are simply 
that F vanishes both at zero and infinity. For small values of p(p<0.1) the 
solution of (12) can be expressed in a power series, using the results of Baker.® 
The series expansion is found to be: 


= — 6p'*? + Co — 5Bp*? — 2p? + (3B2/4 + 2C/5)p*> 2 — 2Bp3 


>= >p3/c se caibty kia hae (1.3) 
— (11/35 — 3B) 56 “+ 3 BC J3) p' : — a 


where B is the negative slope of the Thomas-Fermi function (B= 1.5886)5 6 
and C is aconstant chosen so as to satisfy the boundary conditions for F. The 
numerical value of this constant as determined from the solution of Eq. (12) 
to be described below is C= 11.92. 


TABLE I. 
p ~F —@P1 Pp =F — 91 
0 0 x 0.600 0.784 1.307 
0.0107 0.490 49.0 0.704 0.725 1.032 
0.0304 0.726 24.2 0.809 0.670 0.828 
0.060TF 0.878 14.62 0.913 0.621 0.681 
0.080 0.934 11.68 1.000 0.582 0.582 
0.100 0.960 9.65 1.500 0.411 0.274 
0.121 0.981 8.11 2.001 0.301 0.1505 
0.142 0.994 7.00 3.00 0.1748 0.0583 
0.163 0.999 6.13 4.00 0.1106 0.0277 
0.180 1.001 5.57 5.00 0.0741 0.01482 
0.204 0.999 4.90 6.00 0.0519 0.00865 
0.309 0.958 3.11 7.00 0.0370 0.00568 
0.413 0 898 2.175 8.00 0.0267 0.00334 
0.517 0.834 1.612 9.00 0.0188 0.00209 
10.00 0.0123 0.00123 


+ Calculated from series expansion (13). 


The numerical integration of Eq. (12) can be conveniently carried out 
in the differential analyzer, a machine for the solution of differential equations 
developed at this Institute by V. Bush.’ The result of this integration is 
given in Table I and Fig. 1. 


* References 1 and 2, also V. Bush and S. H. Caldwell, Phys. Rev. 38, 1898 (1931). 

6° E. B. Baker, Phys. Rev. 36, 630 (1930). 

7V. Bush, Jour. Franklin Inst. 212, 447 (1931). The authors take advantage of the present 
opportunity to thank Professor Bush and his assistants, Messrs. S. H. Caldwell, A. J. McLen- 
nan, S. D. Caldwell, J. F. Cummings, B. V. Holmes, and R. S. Jameson for their friendly help 
with the integration of this differential equation. 
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For the electron density we now have, from (5) 
— §6 = (S2e/3h*)(2moe8)* 2g 721 + Ad)? ? (14) 


whereas for the same quantity calculated according to the Thomas-Fermi 
theory one has 

— by = (Sre/ 3h*)(2myeB)* Gy? ? (15) 
hence for the ratio of the relativistic to the nonrelativistic charge density one 
obtains 

6/59 = o* *(1 + Ad)* */ Go**. (16) 
This ratio is appreciably different from, and greater than, unity at small dis- 
tances from the nucleus; at large distances the ratio is very close to, but 
smaller than, unity. The total charge is of course the same in both cases. 


e 
t 





7 


Fig. 1. Functions involved in relativity correction to Thomas-Fermi potential. 


As an example let us take the case of mercury (Z =80). Here a=0,1225A 
and A= 0.00635. The value of the ratio (16) for different values of the distance 
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Fig. 2. Ratio of relativistic to nonrelativistic charge density for the mercury atom. 
from the nucleus is given in Table II and plotted in Fig. 2. The relativistic 


and the nonrelativistic atomic potentials for mercury may be read off Table 
II. It is immediately seen that they are very nearly the same. 
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TABLE II. 
p r Po 
(X-units) 
0.010 1.227 98.5 
0.030 3.68 32.0 
0.060 7.36 15.40 
0.080 9.81 11.27 
0.100 12.27 8.82 
0.417 5).2 1.561 
0.584 71.7 0.975 
1.000 127..7 0.425 
1.500 184.0 0.314 
2 245. 0.244 
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The Wentzel-Brillouin-Kramers Method of Solving 
the Wave Equation 


By J. L. DunHAM 
Harvard University 


(Received May 11, 1932) 


A more general treatment than has been available of the Wentzel-Brillouin- 
Kramers method of solving Schrédinger’s equation for one degree of freedom is given. 
Wentzel’s original energy-level condition is shown to be an asymptotic expression, 
good for large masses and large values of the quantum number. The connection be- 
tween this method and that of Young is discussed. Finally the formulas are written ina 
form convenient for application to the calculation of energy levels from actual poten- 
tial functions. 


INTRODUCTION 


HE Wentzel'-Brillouin®-Kramers* method of handling the wave equation 

(hereafter referred to as the W. B. K. method) is very well suited to the 
calculation of energy levels in heavy systems. This is evident from the fact 
that for such systems the Bohr theory levels fit the experimental facts rather 
well. Now these levels are the first approximation of the W. B. K. method, 
and hence we would expect it to give us rapidly converging results. Also such 
behavior is indicated by the correspondence principle, which predicts ap- 
proximately classical properties for heavy systems as well as for high quantum 
numbers. 

The usefulness of this method, however, has been limited by the fact that 
those treatments of it which have been rigorous have all been approximate, 
so that results of only a limited accuracy can be obtained. It is therefore the 
purpose of the present paper to extend the theory of the W. B. K. method to 
higher approximations, and to show that Wentzel’s original generalization of 
the phase integral can be justified entirely. We shall also discuss the connec- 
tion between this method and that of local momentum recently suggested by 
Young.‘ 

Owing to the fact that Zwaan’s’ work on this subject is not very accessible 
we shall take up some of the points which he has discussed. 


Tue W. B. K. METHOD 


The W. B. K. method of solving Schrédinger’s equation is briefly as fol- 
lows. Schrédinger’s equation can usually be written 


1G. Wentzel, Zeits. f. Physik 38, 518 (1926). 

? L. Brillouin, Comptes Rendus 183, 24 (July 1926). 

3H. A. Kramers, Zeits. f. Physik 39, 828 (1926). See also A. Zwaan, Arch. Néerl. des 
Sciences 12, 33 (1929), and L. A. Young and G. E. Uhlenbeck, Phys. Rev. 36, 1154 (1930). 
For a good short account of Wentzel’s presentation and some simple applications see Sommer- 
feld, Erginzungsband, p. 158. 

4. A. Young, Phys. Rev. 38, 1612 (1931) and 39, 455 (1932). 
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d*y/dx? + (8r?m/h?)(E — Vy = 0. (1) 


y i el2ri/h)fudz (2) 
y is then determined by 
(h/2ri)(dyv/dx) = p? — y* (3) 
= — ee : 
where py=2m(E—V). We now expand y in a series; 
vy = vo t+ (h/2ri)yi + (h/2ri)*ye+---. (4) 


Substituting this in Eq. (3) and equating the coefficients of different powers 
of h to zero separately, we find a set of equations to determine the y,,’s. They 
are given by the recurrence formula 


n 
v,.-1=— > Yan ¥ms n=Q,1,2--- (5) 
nad 

w= +p, (6) 

from which we can obtain the y,,’s by simple algebraic manipulation. 

vo = [(2m(E-— V)]'? vy = V’/4A(E -— V) 
vo = — (1/32)(5V"" + 4V"(E — V))(2m)-' 2CE — VV)? ™ 
(/ 


vs = (1/128) (4V’"(E — V)? + 18V’V"(E — V) + 15V")m—"(E — V)-4 


So, if we know V, we can at once calculate Y by means of Eqs. (7), (4) 
and (2). Eq. (4) can now be written 


Qniv/h = + iB-VAE -—V)'24 V'/4(E —- V) 
+ (iB'2/32)(5V + 4V"(E — V))(E — Vy? 4--- (8) 


where B=h?/82r°m. 

It is well known that this expression gives good approximations to y, and 
hence to ¥, when (E— V) is fairly large. Obviously the same will be true in 
regions where the potential curve approaches some finite value asymptotically 
so that all of its derivatives vanish. Furthermore, if B is very small, at least 
the first few terms appear to converge rapidly. In fact it is known that this 
expression is asymptotically convergent both as B becomes small and as 
| x | becomes large (if + © are the boundaries of the region). That is to say, 
as we let B approach zero, the difference between the sum of the first terms 


48 See Zwaan, reference 3. 


* For a discussion of asymptotic series see: W. B. Ford, “Studies on Divergent Series,” 
Macmillan 1916, p. 22 and Chap. III; E. Borel, “Lecons sur les Series Divergentes,” Gauthier- 
Villars 1928, p. 21. Also for applications to differential equations. J. Horn, Math. Ann. 52, 
271 (1899); and “Gewohn. Diff. Gleich.” 1927, p. 188; L. Schlesinger: “Gewohnliche Differen- 
tialgleichungen,” Vieweg 1922, p. 248. A very clear discussion of this subject is given by G. G. 
Stokes: “Math. and Phys. Papers.” Vol. IV, pp. 77-109 and 283-298. 
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of Eq. (8) and the true value of y will be a small quantity of the order of 
Br! for all values of m. A similar relation is true if, instead of letting B be- 
come small, we let |x! become large. Consequently we can use a finite 
number of terms of Eq. (8) and, if B is small or x | large, this will give us a 
good approximation to y in spite of the fact that the series actually diverges.5 

We shall find it convenient here to distinguish between two possible de- 
finitions of y. So far it has been defined as the solution of Eq. (3), but it could 
also be defined by means of Eq. (8). Now Eq. (8) has singular points where 
E=V, and in the neighborhood of those points it does not behave even ap- 
proximately like the solution of Eq. (3), for we shall see later that the latter 
has no singularities on the real axis. Thus the two definitions are really differ- 
ent. We shall hereafter call the solution of Eq. (3), 3, to distinguish it from 
the quantity defined by Eq. (8), which we shall call plain y. For values of x 
such that E¥ V the two definitions approach each other asymptotically as B 
approaches zero. 

It should be noticed that y has two branches due to the fact that yp is 
given by the square root of p. All of the even numbered y,'s involve square 
roots, and the sign of the root is to be taken as the same as that in yo. All of 
the odd numbered y,’s are single valued. 


THE ENERGY LEVEL CONDITION 


We turn now to a derivation of the energy level condition. Kramers* and 
Zwaan? have found the energy level condition using only the first two terms 
of Eq. (8). Their methods differed in that Kramers used another expansion 
for Y to supplement Eq. (8) at points where it has singularities (i.e., where 
E=V), whereas Zwaan avoided such points by going around them in the 
complex plane. Kramers also pointed out that the earlier and more general 
work of Wentzel! was not rigorous, though his own work verified Wentzel's 
energy level condition as far as it went. This criticism of Wentzel's proof is 
entirely justified as we shall see, but it is possible to show that Wentzel's 
result is correct and can be used to find higher approximations to the energy 
level formula in some cases. It is this more general proof which shall be given 
in this paper. 

In carrying out this proof we use essentially Zwaan’s method instead of 
Kramers’, as it lends itself more readily to work with higher approximations. 
The proof given here, however, differs considerably in details from that of 
Zwaan. 

We use the definition of an energy level as a value of E for which ¥ can be 
(a) single valued, (b) real on the real axis, and (c) bounded on the real axis. 
We shall follow the usual procedure of starting with a function which is zero 
at one of the boundaries and carrying it to the other boundary to find what 
conditions must be satisfied if it is to be zero there also. It will simplify mat- 
ters if we restrict ourselves to a potential function having only one minimum 
on the real axis and hence, as we shall deal only with the discrete spectrum, 
only two points for which E= V. 

For convenience we divide the real axis into three regions: I, II, and III. 


—— 








716 J. L. DUNHAM 


Region I is to the left of both points where E = V, (i.e., Q and R, see Fig. (1), 
II is the region between these two points, and III is the region to the right of 
them. 

We shall designate the two branches of y by the symbols y, and y, (these 
subscripts are not to be confused with the number subscripts in Eq. (4) ). 
vo is defined as that branch of y whose first term is positive imaginary in 
region I. Furthermore, we shall suppose the cut in the x plane to be the real 
axis between Q and R, and we require that in no integral shall the path of 
integration cross this cut. 

The general solution of Eq. (1) will be of the form 


y os Cae?" h)ftugdr + Cre 2ri/h) Typdr (9) 


Now in order that Y be bounded for x= — *, c, must be zero since i/*y.dx 
becomes infinite for large negative values of x.° Consequently in region I 
¥ will have the form 

Yr = cye is Myzinde (10) 


Here c, is to be determined by normalization. The choice of P;, the initial 
point of integration, is arbitrary, c, assuming different values for different 
choices of P. For simplicity we shall consider P to be in region I, thus making 
c, real. 


X plane 


ma 





aa 





CY) 


Fig. 1. Qand Rare points where E= V. Region I is that part of the real axis to the left 
of Q, region II is between Q and R, and region III is to the right of R. 


However, for y to have real values for points in region II, c, cannot be 
equal to zero. Both terms will be needed there, because fydx has complex 
values in region II and an expression of the form of Eq. (10) could not repre- 
sent a real function. Consequently somewhere on the path from region I 
to region II (which we shall take so as to avoid the point Q at which E=V, 
and hence at which Eq. (8) has a singularity) it must be possible to change 
from an expression of the type of Eq. (10) to the more general form of Eq. 
(9). This sudden change in the coefficients of an asymptotic expression was 
first discussed by Stokes: and is a well-known phenomenon. It arises prima- 
rily from the fact that y has an essential singularity at infinity. If it did not 
it would not be necessary to resort to an asymptotic expression for its repre- 
sentation. Hence Y may require different asymptotic representations for 
different paths to infinity. 


6 It will be noticed that the first term of Eq. (8) becomes the only important one near the 
boundaries of the region (here — ©) since there either V becomes infinite or all its derivatives 
vanish. Also y is a pure imaginary in regions I and III, so that the exponents are real in these 
regions. 
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This change in the value of c, can be looked at from the following point 
of view. For finite values of B and of x, Eq. (8) represents y only approxi- 
mately. Hence Eq. (10) gives y in region I only to a certain degree of approxi- 
mation, and similarly an expression of the form of Eq. (9) (with c, suitably 
chosen) can represent ¥ in region II only approximately. Now there must be 
some sector around Q (shown in Fig. 1 by the shaded area) where Eqs. (9) 
and (10) represent yY with about the same accuracy. In this region it is im- 
material which one we use, and we can consider the change in c, as taking 
place there. 

In order that ¥;; be real, c, must be chosen as follows. Let 


Co = cye@aiien, (11) 


Pp? P * 
§=—- f ¥4i — | f yds (12) 
P P 


where the asterisk denotes the complex conjugate. Then, since in region II, 
Va= —Yo*, we can write 


vu = cp fe(er iz edz) h + err ifs mdz a). (13) 


Then 


By a study of the integrals involved in 6 it is not difficult to show that the 
same value of ~1; is obtained by going around Q in either sense. That is to 
say, 11 is also single valued. 

We proceed with the continuation of y into region III. In going around 
the point R we find by the same type of argument that c, must change back 
to zero if y is to be bounded in that region. In region III y, is the negative 
imaginary branch of y, and i/*y,dx becomes infinite for infinite x. So in region 
III we can easily make y bounded but the following relation must be satisfied 
in order to make it real. 


(27i/h) i) yodx = real number + 71, (14) 


where x is now in region III and m is an integer. This can also be written 


z z * 
f yodx + ( f yds) = nh. (15) 
P P 


Now in Eq. (14) the path of integration went, say, above the points Q and R. 
In that case the complex conjugate of the integral is equal to the negative 
of the integral taken in the same direction but on a path going below Q and 
R.? Eq. (15) therefore becomes 


ri ydx = nh, (16) 


7 This can be verified by using the fact that for real functions the conjugate of a function 
is the function of the conjugate argument. In applying this rule to square roots a change of 
branches must also be taken into account. 
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the path of integration being taken around region II, but including no sin- 
gularities of y which lie off the real axis. In this equation it makes only a tri- 
vial difference if we use y, instead of y». 

Eq. (16) is also the condition that Y be single valued in the sense that 
the same value of Y is found no matter what the path of integration for 
Ff vdx as long as it does not cross the cut QR. 

We have shown that Eq. (16) is a necessary condition that £ be a charac- 
teristic value of Eq. (1). The argument can easily be reversed to show that 
Eq. (16) is also a sufficient condition. 

Wentzel’s! original generalization of the Bohr phase integral is therefore 
justified, though the proof that we have given is more complicated than the 
considerations which Wentzel gave. However as Kramers* pointed out, a 
proof such as the one given above is necessary, because it shows the nature 
of Eq. (16) as essentially an asymptotic expression for the energy levels ra- 
ther than an exact condition. Occasionally the series for ¥ ydx breaks off after 
a finite number of terms, in which case Eq. (16) gives exact values, but this 
does not occur generally. 

Due to its asymptotic character, the series in Eq. (16) diverges for actual, 
finite values of B, and it can therefore be used to find energy levels only to a 
limited degree of approximation. The quality of the approximation is, in 
general, better for systems which are nearly classical than for those showing 
large quantum effects. This is not surprising since the first term of the energy 
level equation gives the classical Bohr theory. 

The way in which the quality of the approximation depends on the 
presence of quantum effects is well illustrated by the case of a potential 
function with a sharp kink in it. This kink will give rise to characteristic 
quantum diffraction effects which would not be present if the kink were 
smoothed over. Suck a kink often arises from the presence of a singularity 
in the potential function near the real axis. If, in carrying the integral of 
Eq. (14) around Q and R we are forced to go near such a singularity, there 
will be a considerable part of the path for which Eq. (8) does not give a 
good approximation, and so the energy level formula will be relatively 
inaccurate. 

We shall turn now to the connection between the methods of the present 
paper and the original work of Wentzel. His proof of Eq. (16) was based in 
part on a relation derived from Eq. (2), namely that 2779 =hy’/y. Since wave 
functions are known to have 7 nodes in the region II, and since W’ is not zero 
at these nodes, he inferred that 7 would have 7 simple poles in this region and 
that therefore the integral of § around these poles would be exactly nh. This 
argument, however, is not permissible because the wW of Eq. (2) is not the 
characteristic solution. This is obvious since it requires a linear combination 
of such y’s to represent the wave function in region II. In fact we can prove 
that f has no poles at all in the classical region of oscillation. (See below.) 

Young? has recently developed a way of solving Eq. (1) which is very simi- 
lar to the W. B. K. method. He introduces a quantity P, called the local 
momentum, which, on the real axis, is the real part of our function 7. Letting 
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F=ut i (17) 


where u and v are real functions of x, Eq. (3) separates into the following for 
real values of x. 


] 
y 
| 
Se 
oh 


hy’ / 2a (18) 


and 
hu!/2e = 2uv. (19) 


P is given by hP=27u, and Young has found that P has neither zero’s nor 
poles on the real axis. It follows, since v is the logarithmic derivative of P, 
that v has no poles on the real axis either. Therefore 7 has no poles on the 
real axis. 

How then can Eq. (16) be true? The answer to this has been given by 
Kramers.’ Eq. (16) applies to the case in which we have expanded 7 in the 
series Eq. (4). This series converges asymptotically as B approaches zero for 
all values of x except those for which E= V. Such points are singular points 
in the expansion, and allow the integral in Eq. (16) to take on values different 
from zero. It should be noted that Eq. (16) tends asymptotically to zero as 
B—0 so that in the limit it behaves as if vy had no poles. In other words, Eq. 
(16) refers to vy and not to f. 

By a very simple analysis Young has derived an energy level condition in 
the form of a phase integral involving P,and it would be convenient if we could 
derive Eq. (16) directly from it, thus avoiding the use of asymptotic series 
and the like. Unfortunately this cannot be done because, as we have seen, the 
singularities which appear in the expansion for y (Eq. (8)), but which 7 does 
not possess, are essential for the usefulness of Eq. (16). Another difficulty, 
also connected with the asymptotic character of Eq. (8), is that though our 
expansion of y is purely imaginary in regions I and III, § must have a real 
component in those regions. This follows from the fact that P is nowhere 
zero. We must therefore conclude that the two methods use essentially 
different ways of representing the wave functions, and that there is no simple 
way of showing the equivalence of the results. 

It is, however, worth noting that the two methods are complementary in 
that each has its own peculiar usefulness. Young’s method brings out the 
physical significance of the situation very clearly, but is of limited use for 
actual computation because of the complicated differential equation from 
which P must be calculated. On the other hand, though the derivation of the 
\V. B. K. energy level formula is rather long, it enables one to find energy 
levels by means of a very simple integration. 


SIMPLIFICATION OF THE FORMULA 


Having discussed the nature of Wentzel’s energy level condition it remains 
only to put it in a more useful form. Using Eq. (8) we find that Eq. (16) is a 
series of integrals whose form is given by Eqs. (7). We shall consider them 
one by one. 
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The term in y,; is the Bohr theory integral. It cannot be simplified until 
we know something more about V. 

The term in y; gives us the half integer quantization. It has been dis- 
cussed in all of the literature on the subject. 

The term in ys adds something new. Integrating by parts we find: 


(h ri? vedx = (h, 21)*(2m) eg I s+ 4" CE — V))CE — V+)? dx 
(20) 
= — (h?/1282*)(2m)-! f V'(E — V)-* "dx. 


The term in y3; vanishes. This can be shown very easily because from Eq. 
(7) 
1 = = d(vo/2 2\ 'y) ) ‘dx, (21) 
and this integrates to zero around the closed cycle. 
The term in y; can be reduced by integrating by parts. The result is: 


(h 2h yadx = — ht*a-4m—'(2m)—'/72- Liog V'4(E — V)- dx 
(22) 
- 16g VV"(E — VY)" ‘ax. 


Collecting all of these expressions and neglecting y; and higher terms, we 
find for Eq. (16) 


¢ (E—V)'"dx — (B yg VE — V)-° dx 


— (B2 wid [49V4(E — Vy? — 160'V""(E — V)-72Jdx (23) 


+ = (1 + 3)27B'. 


where n=0,1,2 3---+. Thisisasfaras Eq. (16) can be simphfied without 
more knowledge of the function V. 
I am indebted to Professor E. C. Kemble for suggestions and discussions 


of various points raised in this paper. 
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The energy levels of a rotating vibrator are calculated in considerable detail by 
means of the Wentzel-Brillouin-Kramers method. The new terms determined are w.z 
and a set of correction terms which appear in the earlier members of the equation. 
These correction terms enter in such a way that w, is not exactly the coefficient of 
(v+ 3); B. is not exactly the coefficient of K(K +1), etc. However the differences are 
small and are detectable only in the case of light molecules. The correction terms are of 
the magnitude of B2/w~. Formulas for the effect of the correction terms on isotope 
shifts are given, and for the calculation of the correction terms themselves. Also a 
method is given for obtaining actual potential functions from band spectrum data, 
based on Morse’s potential function. Finally the numerical magnitude of the correction 
terms for several states of Hz and for NaH is discussed. 


INTRODUCTION 


oo work on the measurement of isotope masses by means of band 
spectra!’ has led to the necessity of examining in more detail the theory 
of a rotating vibrator. The energy levels of this sytem were thoroughly in- 
vestigated by Kratzer,‘ Born and Hiickel,*> Kemble® and Birge’ on the basis 
of the Bohr theory, but no detailed quantum mechanical treatment of this 
system has been published. This seems to be at least partly because the 
potential function suggested by Morse‘ has energy levels which agree exactly 
with those predicted for it by the Bohr theory® (apart from the matter of 
half quantum numbers), and which fit the empirical energy levels remarkably 
well. Furthermore, the early work of Fues'’ indicated an almost complete 
agreement between the two theories for quite general potential functions, the 
difference between Fues’ result and that of the Bohr theory being merely a 
constant term, spectroscopically undetectable. Calculation of the higher ap- 
proximations, however, shows that this constant term is one of a set of terms 
which in general depend on the vibrational and rotational quantum numbers, 
adding small corrections to the familiar terms in the energy level formula. It 
happens that for Morse’s potential function the corrections to the pure vibra- 


1 R. T. Birge, Phys. Rev. 37, 841, 227, and 233 (1931). 

2 F. A. Jenkins, Phys. Rev. 39, 549 (1932). : 

3 Mecke and Wurm, Zeits. f. Physik 61, 37 (1930). 

* A. Kratzer: Zeits. f. Physik 3, 289 (1920). 

5 M. Born and Hiickel, Phys. Zeits. 24, 1 (1923). 

6 E.C. Kemble, J. Opt. Soc. Am. 12, 1 (1926). 

7 R. T. Birge, Nature 116, 783 (1925) and Phys. Rev. 27, 245 (1926). See also W. C. Pom- 
eroy, Phys. Rev. 29, 67 (1927). 

8 P. M. Morse, Phys. Rev. 34, 57 (1929). 

® P. M. Davidson and W. C. Price, Proc. Roy. Soc. A130, 105 (1931). 

10 E. Fues, Ann. d. Physik 80, 367 (1926). 
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tion terms are exactly zero which leads us to expect they will be small in 
actual molecules. But the predictions of Morse’s function for the corrections 
to the rotational terms are not zero, so we cannot expect these to be small. 

The analysis shows that the coefficients of the various powers of (v+3) 
and K(K +1) in the energy level formula are really a series in powers of the 
ratio B?/w.?. This ratio is, for most molecules, of the order of magnitude of 
10-° so that all of the terms beyond the first (given by the Bohr theory) are 
negligible. However, for hydrogen molecules and some of the hydrides this 
ratio is more nearly 10~°, so that in these cases they cannot be neglected. 

In this paper the energy levels of a rotating vibrator will be calculated in 
detail using a perfectly general type of potential function. To find the char- 
acteristic values of Schriédinger’s equation we shall use the Wentzel-Brillouin- 
Kramers" method (hereafter called the W. B. Kk. method) because it solves- 
our problem in a very simple fashion. The particular advantage of this 
method is that it uses the Bohr theory energy levels as its first approximation, 
correcting for higher quantum effects by its later approximations. Now ac- 
cording to the correspondence principle point of view, quantum effects be- 
come small not only for large quantum numbers, but also for large masses, 
and the nuclei of molecules have large masses compared to electronic masses. 
We would therefore expect the Bohr energy levels to be good approximations 
in this case. The W. B. Kk. method can make use of this fact by starting with 
the Bohr levels and calculating any further terms as small corrections. The 
details of the W. B. K. method necessary for application to this problem 
have been developed in the preceding paper and we shall apply them here to 
the solution of the rotating-vibrator, and then discuss applications to a few 
actual molecular states. 


CALCULATION OF THE ENERGY LEVELS 
Our first problem is to find the energy levels of a rotating vibrator. To do 
this we calculate the characteristic values of Schridinger’s equation for this 
system, which is: 
d*y Sx2mr," h?K(K + 1) 
— + ——— le Vv — ———————__ ly = 0. (1) 


Pm) 9 | 7 ) 6 » & . 
dé he | Sr?r2m(1 + &)? 


Here €=(r—r.)/r., re being the equilibrium nuclear separation; m is the re- 
duced nuclear mass; V the potential function with a minimum at r,; and the 
last term in the bracket, which we shall call V,, is due to the centrifugal force 
of rotation. 

It would be convenient to use a potential function based on that of Morse, 
because this gives a very good approximation to actual energy levels. How- 
ever, it is difficult to include the effect of rotation in Morse’s potential func- 
tion. In the end the simplest procedure is to use a power series expansion of 


1G. Wentzel, Zeits. f. Physik 38, 518 (1926); L. Brillouin, Comptes Rendus 183, 24 (1926); 
H. A. Kramers, Zeits. f. Physik 39, 828 (1926). For a good short account see A. Sommerfeld: 
Ergiinzungsband, p. 158. 
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V around the point &=0, as V, has a particularly simple expansion about this 
point. Having found the energy levels in terms of this sort of expansion, it is 
not difficult then to rewrite the formulas in terms of any simple expression 
for the potential function by expanding the latter in a power series about 
£=0 and equating coefficients. We shall therefore use 


V = heaoé(1 + art + ant? + ast? + ---) (2) 


where dy) =w,?/ 4B,; w, is the classical frequency of small oscillations expressed 
in cm~ and B,=h/(82?mr.2c). 

We shall first calculate the energy levels neglecting rotation (i.e., for the 
case K =0). The effect of rotation can then be found by rewriting the whole 
effective potential function in the form of Eq. (2) and comparing coefficients. 

In the preceding paper I showed that the energy levels of a potential 
function with a single minimum could be found by evaluating a generalized 
phase integral (Eq. (23) of that paper). It will be convenient to express all 
quantities involving energy in this equation in terms of wave numbers. This 
involves replacing E by hcF and V by hcU. Eq. (23) then becomes 


ge — U)*dt — (B, 3g UF — U)-8dt + + = Ie B20 + 4). (3) 


The first integral on the left has been evaluated many times.**.° However, 
the method necessary to evaluate the second integral is also applicable to the 
first, and handles it in a particularly simple fashion, so we shall use it here. 

The first step is to transform to the independent variable U. The integral 


becomes 
(F — U) dé -$ (F — U)*2(U")-“"dU. (4) 


Here the integral is taken in the U plane twice around the two points U=0 
and U=F (the origin of energy being so chosen that U=0 for £=0). The cut 
in the — plane between the two turning points goes over into a cut in the U 
plane between the origin and the point U=F. 

The integral can be evaluated if we know U’ as a function of U’, so we ex- 
pand U’ 

U’ = A\QU'/? + AU + A3U3/? + AGU24+---, (5) 

from which we can calculate (U’)~' in a series of the form 


(U’) = Ay U2 [1 + BUY? + BU + BUV24+---). (6) 


We can therefore write the integral as: 


¢ (F — U)'de 


= g iAy[1 — F/2U — F2/8U2 + --- [1+ BUY? + BU +--- dU. 
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There is now a cut in the U plane extending from the point U’=0 to ~, intro- 
duced by the expansion Eq. (5). Consequently when the integration is per- 
formed all of the terms in U”? for which » is odd will vanish because the 
integrand will have opposite signs on the two circuits around the point U=0. 
Of the remaining terms only those in U~! will have a residue. The inte- 
gration yields: 


¢ (F — U)'2dt = (2e/Ay) [F + BoF?2/4 + BYF3/8 + SBol4/64 + --~ J. (8) 


The second integral in Eq. (3) can be evaluated similarly. As before we 
transform to U as independent variable. On substituting the expansion Eq. 
(5) for U’ and expanding the denominator, we have 


gre — U)dU = 4 [lg + SAsF/2 + 35A,F2/8 + 105A 9F8/16 + «~~ J. (9) 


We have now evaluated the integrals of Eq. (3) in terms of the coeff- 
cients A, of Eq. (5), and it remains to find these A ,’s in terms of the a,’s of 
Eq. (2). If we expand U"? and U’ as power series in £ and substitute all of 
these in Eq. (5), we can equate coefficients of like powers of — on both sides of 
the equation and obtain enough relations to determine the coefficients A , 

The results of this procedure are: 

Ay, = 2ao!/?; As = 2a1; Ag = ag! 2(3ae —_ 7a;", 4) 
Ay = ado '(4a3 — 6a;d2 + 5a,3 2) 
As = ag (Say ™ 19a,a3/2 7 17a," 4 + 105a,7ae/8 ~_ 273a,4 64) 
(10) 
Ag = do *(6d5 - l4taja, —_ 12doa3 + 22a,;"a3 + 20a jd 9° —_ 30a ;"d2 + 8a,°) 
Az = ag~*/*(7ag — 39a,a5/2 — 33a2a3/2 — 31a37/4 + 279a,;7a4/8 + 7T5a.°/8 
+ 243a,a2a3/4 — 825a,a3 ‘16 = 2277a,7a-", 32 + 90094 4d 128 


— 8151a,°/512). 


We are now ready to go back to Eq. (3) and substitute the results we have 
obtained for the integrals. We shall at first express these in terms of the 
A,’sand B,’s for simplicity, using the a,,’s only at the end. 

Substituting Eqs. (8) and (9) in Eq. (3) we have 


(20/1) [F + Bok?/4 + ByF8/8 + S5BoF4/64 + > - > |] 
— (24B./16) [As + 5AsF/2 + 35A7F2/8 +--+ ] = 20 B.2%(v + 3). (11) 


By the inversion of this series we find F as a power series in (v+}). The result 


iS: 

F = B,A,A3/16 + A,B,'/2(v + 4) + (B3/2A 2/32)(5A5 — Bods)(v + 3) 
— (B.BoA ;2/4)(v + 3)? + (B.2A33/128)(35A7 — 15BeAs + 3A5B2? 
— 3A3B,)(v + 3)? + (B/2A 3/8) (Be? — By)(v + 3)? 
+ (B,2A,*/64)(10B.B, — 5Bz* — 5By)(v + 3)4+--- 


(12) 









































Substituting Eqs. (10) gives us the term value equation for an oscillator 
having Eq. (2) for a potential function up to and including terms in B,4/w,!. 
(One term, not depending on (v+3), has been omitted.) 

Before we carry out this substitution, however, it will be convenient to 
take account of rotation. In this case the effective potential function is 
U+U,=Urx, which is of the form 


Ux = at*(1 + aye + dof? +--- ) 


\Ve can introduce a new variable 7 such that &=7+ «, € being a constant, and 
choose € so that the minimum of Ux falls at the point 7 =0. If we then ex- 
press lx as a power series in 7 of the same form as Eq. (2), and use the 
coefficients of this new series in Eq. (12) instead of the a,’s, we shall have the 
energy levels of a rotating vibrator. 

The detail of determining these coefficients is rather tedious but quite 
straightforward, so we shall not reproduce it here. The energy level equation 
which one finds is most conveniently written in the following form 


The first subscript under Y refers to the power of the vibrational quantum 
number, the second to that of the rotational quantum number. 
The first fifteen Y,;'s are found to be ® 


Yoo = (B, $)(3de — 7a;" 4) 
Vio = ,[1 + (B.2/4w.2)(25ay — 95a,03/2 — 67a22/4 + 459a;2a2/8 


— 1155a,4/64) ] 


V3o = (B2 2w.)(10a, — 35a,;a3 — 17a_7/2 + 2254 "ae ‘4 — 705a,4/32) 
Vyo = (5B 3/w,.*)(7ag/2 — 63a,a;/4 — 33a2a4/4 — 63a37/8 + 543a,7a4/16 
+ 75a¢° 16 + 4834 ,d0d3 '§ = 19534 ;°a3;/32 —_ 49894 ;7a9" 64 

+ 23265a;4a2/256 — 23151a,5/1024) 


Vor = BL[V+(B2/2w.7)(15 + 144) — 9ag + 1543 — 23a,a2 + 21(a,? + @,°)/2) ] 


2 Eq. (14) can be changed toa set of power series in (K +1/2)? instead of K(K +1) by using 


the formulas 


[3(ae ee 5a," 4) + (B.2, 2w,”)(245a¢ = 1365a,a, ‘2- S85aea, ‘2 
~ 1085a37/4 + 8535a,7a; 8 + 1707a2° 8 + 73354 )d2d3/4 
— 23865a;°a3/16 — 62013a,7a9?/32 + 239985a,4a2/128 


— 209055a,°/512) ] 


This will affect only the second order terms (of the order of B 2/w,*) in each of the Y’s, 
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+ B.K(K + 1)(1 — 2¢ + 38 — 48 4+---). (13) 


Fux = DYij(v + 3)'K(K + 1). (14) 


lj 


9 


K"(K + 1)" = [(K + 3)?— 3} 
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Vir = (B2/e.) (6(1 tay) +(B 2/w.”) (175 +285a;— 335a2/2+190a3—225a;/2 
+ 175a; + 2295a,°/8 — 459a,a2 + 1425a,a3/4 — 795a,a;/2 
+ 1005as?/8 — 715aea3/2 + 1155a,3/4 — 9639a,7%a2/16 + 51454;2a3/8 
4 4677a,a22/8 — 14259a,8a2/16 + 31185(a;4 + ay5)/128)} (15) 
Vo, = (6B,3/w,7)(5 + 10a; — 3a2 + 5a3 — 13aya2 + 15(a\? + a,*)/2) 
Vs: = (20B,*/w.8)(7 + 21a; — 17a2/2 + 1403 — 9a,/2 + 7a; + 225a,2/8 
— 45a,ao + 105a,a3/4 — 5laya;/2 + 5la.2/8 — 45ara;3/2 
+ 1410,°/4 — 945a;7a2/16 + 435a;7a3/8 + 411a;a2?/8 
— 1509a,3a./16 + 3807(a;4 + a,°)/128) 
Voo = — (4B3/w.2) (1 + (B2/202)(163 + 1994, — 11942 + 9003 — 45a, 
— 207a,a2 + 205a,a3/2 — 333a\2a2/2 + 693a,7/4 + 4602? 
+ 126(a;3 + a,4/2)) ] 
Vie = — (12B,*/w2)(19/2 + 9a, + 9a;2/2 — 4as) 
Yoo = — (24B,5/w,4)(65 + 125, — 61a2 + 30a3 — 15a, + 495a),?/4 = 117a;a2 
+ 2642? + 95a,a3/2 — 207a;7a2/2 + 90(a,3 + a;4/2)) 
Vos = 16B,5(3 + a;)/w-.! 
Vis = (12B,8/w,*)(233 + 279a; + 1890," + 63a,3 — 88a;a2 — 120a2 + 80a, /3) 


Vos -s oe (64B.' ‘@®)(13 + 9a, = + 9a," 4). 


to 


to 
| 


The new quantities are Yo, Yi; and the second terms '° in Yio Yoo Yo. Vis 


The connection between the Y’s and the ordinary band spectrum con- 
stants is as follows: 


Y10 ™ We Yoo ~ — WeX V309 ~ We 
Vou~ B. Yur —a Voi ~ Ye 
Yoo~ D. Yio~ B, Vio™~ w.2 
Vos ~F. Yo.~ H, 


Throughout this paper the Y;;’s will be used to denote the coefficients in 
Eq. (14), and the old coefficients will retain their mechanical significance. 
Thus B, will be used only for h/87°J.c and not for the coefficient of K(K +1) in 
the energy level equation, etc. 


DISCUSSION OF THE ENERGY LEVEL FORMULA 
The most important point about Eq. (15) is that the Y’s are not exactly 
equal to the coefficients given by the Bohr theory. For example, Yio, which is 
the coefficient of (v+ 4), is not equal to w., but differs from it by terms in 
B2/w?. Similarly Yo; differs from B, by small terms. In fact each of the Y’s 


18 The second term in Yoo has been omitted because it is not important. It has the same 
form as Y4o or the second term in Y25. 
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is a power series in B2/w.2. Now for many molecules this ratio is of the order 
of magnitude of 10-° so that the first term of the power series is adequate 
for all practical purposes. But for some molecules, notably Hs, B2/w,? is 
more nearly 10~-*, and higher terms in several of the Y’s must be taken into 
consideration. This correction arises from the presence of the second term 
on the left hand side of Eq. (3), and one can see from the fact that m appears 
in the denominator of this term that the corrections will be small for heavy 
systems and large for light ones. It is for this reason that these terms will be 
most easily detectable in He. 

Unfortunately the detection of the effect of these higher terms in actual 
spectra will be complicated by the fact that the nuclear potential function is 
defined only in so far as the nuclear and electronic wave functions are sepa- 
rable. This is ordinarily true to terms in B?/w?, which means that this 
coupling will introduce terms of nearly the same size as the new terms which 
we have been discussing. In cases where the interaction is very large, such as 
l-uncoupling or when there are perturbations, the coupling effects will be 
much more important than the effects discussed here. This state of affairs 
can be detected by using the fact that for a simple rotator Yo: (D_) is deter- 
mined by the other Y’s. The values of Yio and Y;, determine all of the a,’s. 
Consequently Yo2 can be found in terms of these Y’s. If this theoretical value 
of Yo2 does not agree with the observed value, the system is not a simple 
rotating vibrator, and we can expect that there is appreciable interaction. It 
is therefore important to find Yo: as accurately as possible from the data, as 
it is necessary to show that coupling effects are small before one can deter- 
mine the size of the correction terms. 

One of the chief uses of a detailed derivation of the energy level equation 
is to find how the terms depend on the nuclear mass. By definition we know 
that B, is proportional to m and that w, is proportional to m~"*, so we 
can find the mass dependence of the Y’s if we assume that two isotopic mole- 
cules have identical potential functions. 

The Bohr theory leads to the result suggested by Kemble" that 


> 


(Y,;*/ Y2;) = (m/min? (16) 


the superscript 7 referring to one of the isotopes, but this equation takes 
account of only the first terms in the expressions for the Y’s. The presence 
of the new correction terms will alter the mass dependence of the Y’s, as they 
are now of the form 


Vij=fi(Be, we) [aiji—(B2/we) Byt--- | (17) 


where f;(B., w.) contains that part of the first term in Y,; which depends on 
m, whereas a@,; and 8;, do not depend on m. Since B2/w? is small, Eq. (16) 
now becomes 


(V7;*/V.;) = (m/m*)"*4711 + (8,;B.2/arjw.?)((m — m*)/m*) | (18) 


14 R.S. Mulliken, Phys. Rev. 25, 126 (1925). 
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This gives us a simple way of finding the correction to the isotope effect due 
to the presence of the new correction terms in the energy level formula. 

We want to be able to find the coefficients 8 (in Eq. (17) ) from the expeni- 
mental data. This is simplified by the fact that these correction terms are 
small enough so that we can use a method of successive approximations. If 
we regard the Y's as being given experimentally, and if we neglect the cor- 
rection terms, a set of approximate a,,’s can be calculated from the Vjo's and 
the Y),’s. These a,,’s can then be used to calculate the correction terms with 
sufficient accuracy for most purposes. Carrying out this procedure algebraic- 
ally we find the following equations for the corrections which are designated 


by 81). 

Bor = Vyo?Vo1/4¥ 018 + 16a: 99/3 V1 — 8a, — 6a;? + 4a,° 

Byo = SV yo 30/4V or? + ai w?V21/3Vo1® — 10a, — 20a — 15a,°/2 
— 5a,4/2 + Voao(4a, + 16a17/3)/VYo, + Voo2/2¥ 01? 


(19) 
Boog = {3/2 + 37a, + 67a," 2 + 33a? eae 6a;4 aan OV 10 V30 2¥ o° 
+ V 10° V'21(3 ~ lla, 0) 2¥o,° - ls (130/3 + ta, + i4a," 3) 2V a 
+ 31} 297/9V 01" 


a, = (Virb 10 6Y 91") — 1 


The other 8's (820, 81:, and others not given in Eqs. (15) ) are more compli- 
cated but can be calculated in the same fashion. Eqs. (19) are not as simple 
as the expressions for the corresponding 6’s in Eqs. (15). However to use 
Eqs. (19), it is not necessary to calculate all of the a,’s involved first. 

In view of the importance of Morse’s* potential function for vibrational 
analysis we shall discuss briefly its relation to the formulas which we have 
used. 

The most striking property of Morse’s potential function is the simplicity 
of the energy level equation to which it leads. It is interesting to see how this 
simplicity arises in the method we have used for calculating energy levels. 
Morse’s potential function can be written 


U = Dil — e*)?. (20) 
From this it is easy to show that 
U’ = 2a(DU)!"/? — 2aU. (21) 
Comparing with Eq. (5) we see that for this case 


A; = 20D"? A, = — 2a (22) 


and that all the other A’s are zero. Now all of the Yyo's, except Yio and Yoo, 
involve A,,’s with m= 3 so that they vanish, and the same is true of all of the 
terms beyond the first in Yio and Yoo. A similar but no so far reaching 
simplification can be found in the case of Kratzer’s potential function. This 
accounts in detail for the fact that the Bohr theory with half quantum num- 
bers gives Morse’s energy levels exactly.°® 
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Because of its simplicity and because it represents actual molecular 


energy levels so well, it would be convenient to have a relatively simple po- 
tential function based on that of Morse. One could then determine a po- 
tential curve from band frequencies more easily than at present. The most 
satisfactory way to do this seems to be to write the potential function in the 
following form. (The a used here is equal to Morse’s a multiplied by +,.) 


U = Di(i — ee)? + Py — e*)4 + P31 — emt)? +--+ i. (23) 


This can be expanded about the point §=0 in a power series and the @,,'s so 
determined can be substituted in Eqs. (15) and then the P’s determined in 
terms of the Y’s. Morse determined a from the relation a *B,= —w.x. We 
shall use 

a= 1 — (Vol 11/6 01"). (24) 


Then the P,,’s can be expressed as follows: 


P, = (2/3)[1 + Yoo/Yora?] 
Ps = [YVw?¥ 21/602 — 5 + 10a — 23a?/4 + 7a°/6 — 3Pya2(a — 1)]/5a* = (25) 
Pe = Vyo¥'30/5a4V 6)? + Ps/5 — 17P37/20 — P3. 


Now since the first term in Eq. (23) is a very good representation of actual 
potential functions we would expect the P,.’s to be quite small and Eq. (23) 
should converge rapidly. 

In calculating Eqs. (25) the new correction terms were not used. For ob- 
taining graphical potential functions they are not of enough importance. It 
should also be mentioned that although the P,,’s make corrections to the heat 
of dissociation predicted by Morse’s potential function, it is not to be sup- 
posed that these corrections are very reliable. It has been repeatedly shown 
that the extrapolation of energy levels to dissociation can be used only when 
most of the energy levels are actually known. 

DiscUssION OF ACTUAL DATA 

We turn now to the calculation of the correction terms for some actual 
molecular states. These terms are most important in the case of the He 
molecule. The upper states are known to show a good deal of /-uncoupling,” 
as can be seen easily from the difference between the observed and calculated 
values of Yo2(D.). The normal state of the molecule should be quite free 
from such coupling effects, but unfortunately the vibrational analysis has 
not been carried through with enough precision to be able to tell definitely 
whether or not this is the case.'® 

Nevertheless it is possible to see how large the correction terms will be for 


1% W. Weizel, Zeits. f. Physik 55, 483 (1929) and 56, 727 (1929); G. H. Dieke, Zeits. f. 
Physik 55, 447 (1929). 

4 Birge and Jeppeson (Nature 125, 463 (1930)) have found evidence for a “perturbation” 
of this lowest level, but there is not yet enough data on the constants of this state to determine 
the nature of the perturbation. 
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several states of this molecule, and they will give us some idea of what to ex- 
pect. 
For the normal state Hyman"? has found the following values for the Y’s 
Vio = 4371 Vi = 2.794 (26) 
Vo. = 60.59 Vo, = 0.0105 
Voo = 113.5. 


From these 8»; can be calculated and turns out to be 


Boi = -—1.3/. 


Also 


B?/w.? = 1/5200. 


So we conclude that Yo, differs from B, by one part in 3790. In a careful 
analysis this would be detectable. 

Similarly, using data from the analyses of Richardson and Davidson,'* 
we find that for the 2'S state 


Yo. = B(1 — 1/778) 
V0 = w(1 — 1/9240) (27) 
Voo = D1 — 1/213). 


Although in Yj») the correction is very small, it is obviously not negligible in 
either of the other two. 

The behavior of the corrections for this state is of some interest as it 
seems to be typical. The correction to Yio is very small. If Morse’s potential 
function were correct it would be zero, and the fact that it is small shows that 
Morse’s function is a good approximation. Now Morse’s function is known to 
be a better fit for most molecules than for He,’ so we would expect 810 to be 
even smaller for other molecules than it is here. 

The correction to Yo: is quite large. This appears to be a typical behavior 
as can be seen from the fact that the value of B92 predicted by Morse’s po- 
tential function varies between 10 and 500 for moderate values of a. This is 
considerably larger than the other 8’s we have been discussing. 

In the 2° state!’ we find that the corrections are quite small. Bo2 is the 
largest, being equal to 5.2 so that 


Voo = D.(1 — 1/1165). 


The other two are negligible. 

The corrections to Yoo and Y;,; demand a knowledge of Y4) and of Y3;, but 
as these coefficients have not been determined for the states of Hg it is not 
possible to find the corresponding corrections. 


7 Hf. H. Hyman, Phys. Rev. 36, 187 (1930). 
18 Q, W. Richardson and P. M. Davidson, Proc. Roy. Soc. A125, 23 (1929). 
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An interesting case arises in the alkali hydrides.!* They are the only known 
bands for which Yoo is positive. We might therefore expect the correction 
terms to be abnormally large. Weizel*® has tried to explain the strange be- 
havior of these bands as due to /-uncoupling, but there also appears to be an 
abnormality in the pure vibration states, and it is therefore of interest to see 
how the corrections turn out in this case. 

The best data available appear to be on NaH.'® The value of B?/w, is 
().0000310 which is materially smaller than for the states of He. In this re- 
spect LiH would be the most suitable substance for finding large effects. The 
corrections are 

Vo = BAA = 1, 2280) 


Vig = w-(1 — 1/3920) ( 
Yoo = D.(1 — 1/886). 


tN 


In terms of 8,,’s one finds 
Bo. = — 14.15 Bio = — 8.23 Bor = — 36.4. 


These 8's are, on the whole, larger than those for He which indicates a slightly 
anomalous behavior of the potential function. The relatively small value of 
B2/w? prevents these large values of 8 from making large corrections to the 
Y's. 

For molecules heavier than hydrides, the values of B/w.? are so small 
that unless the 6’s are abnormally large, the corrections will be undetectable. 

A large part of this paper was prepared while I was a National Research 
Fellow at the University of Chicago. I wish to take this opportunity to ex- 
press my appreciation of the grant of a Fellowship and of the generous way in 
which the facilities of the Ryerson Laboratory were placed at my disposal. 


1 LiH, G. Nakamura, Zeits. f. Physik 59, 218 (1930); NaH, T. Hori, Zeits. f. Physik 62, 
352 (1930); KH, G. M. Almy and C. D. Hause, Phys. Rev. 39, 178 (1932). 
20 W. Weizel, Zeits. f. Physik 60, 599 (1930). 
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Rotational Analysis of Some CO, Emission Bands. Part I 


By R. F. ScuMip 


Ryerson Physical Laboratory, University of Chicago 


By using the light of a hollow cathode discharge and that of a Back box with 


direct current, the red degraded CO, bands at \A3247, 3254, 3370, 3377, 3503, 3511, 
3534, 3545, 3074 and 3839A have been photographed in the third order of a 21 foot 


Rowland grating and analyzed. The bands are composed of P and R branches and on 
first inspection they show no alternately missing lines. The lines of the bands at \\3254, 
3377, 3511, 3534, and 3839A show staggering, while the lines of the other bands do not 
(in the limit of observational accuracy). The single structure of the bands indicates 
that the molecule is linear in both initial and final states. The distance between the 
carbon and an oxygen atom computed from the rotational constants is almost the 
same as computed from the CO and CO* bands. The above enumerated bands show 
no Zeeman effect of the observable lines. Other bands which are found to show more 
complicated structure and Zeeman effect will be the subject of further investigations. 


EXPERIMENTAL 


S ALREADY reported,'! the emission spectrum of CO, can be obtained 
in suitable intensity by pumping tank CQ, quickly through a Back box, 
using a direct current discharge, the magnet pole-pieces serving as cathodes 
and a piece of tungsten between them as the anode. Besides the strong CO, 
bands, the plates show the entire, but weaker CO* spectrum, the third posi- 
tive CO bands and rather strong angstrom bands. To suppress the CO and 
CO* bands the COz pressure was kept about 4-6 cm Hg and the gas-stream- 
ing was made as fast as possible (the use of a //ypervac pump brought some 
success in that direction). The COz consumption was about 5-6 kg per day 
exposure. In starting with low gas pressure and low current and gradually 
increasing both and by using magnetic field strengths over 12,000 gauss, the 
discharge could be kept on one of the magnet pole-pieces with a maximal 
current of 700-800 milliamperes. In this way the luminosity was enough to 
give strong third order pictures with the 21 foot grating in 50 hours exposure- 
time. 

As already mentioned! some of the COz bands show magnetic effects, and 
because the discharge in the Back box could not be concentrated on the 
one pole-piece front in suitable intensity without magnetic fields, it seemed 
necessary to find another source, which would give a strong CO: spectrum 
without any magnetic field. The steel hollow-cathode in the arrangement 
sketched in Fig. 1 was fastened in the center of a three liter bulb, the neck 
of which was cooled. A steel anode was placed 5 cm away from the cathode. 
This arrangement gave very satisfactory results in respect to CO: luminosity 
and relative weakness of CO and CO* bands. Of course, the spectrum con- 
tained some iron lines also, but no other metal could be used because of the 
high CO, pressure. Graphite, aluminum, tin, etc., burned away in a short 
time. 


1 R. F. Schmid, Phys. Rev. 39, 589 (1932). 
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EMISSION SPECTRUM OF CO: 


Some considerations (see below) showed it desirable to determine the 


effective emission temperature of the source used, which could be done by 
studying the rotational intensity distribution of certain well-known bands 
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Fig. 1. Steel hollow cathode water-cooled and with direct gas-inlet in 
the hollow part itself. 


present in the spectra. The A 4835A, 0-1 angstrom band, having clear back- 
ground and only a few overlappings, was especially suitable for that purpose 
and showed the maximal intensity in its P branch at K’'’n.x=15 in the Q 
branch at*K"’),.. = 14 and in the R branch at K’’,,x =13. By using the formu- 


9 


las? 


P branch kT = B’(Kyax”’ — 1)(2Kmax”’ — 1) 
QO branch kT = B’3(2Kmax”’ + 1)? 
R branch kT = gf as + Tha an” + 3) 


(where k is the Boltzmann factor and B’=1.94 cm~‘), it was found, in very 
good agreement for all the three branches: k7 = 800 cm~, that is 7 =870°C. 

Besides that, having pictures on which (due to leaks) the A3914A (0-0) 
and A4278 (0-1) N.* bands were also present, in which bands the maximum 
seemed to be between K’’n.,x =12 for the stronger half R branch and K''y,.4x 
= 13 for the weaker odd numbered set, we have, by using the formula’ 


kT = B’(Riunax”” + 1)(2Kmax”” + 3) 


with B’=2.07 cm~ the value k7 =845 cm™ slightly higher than the above 
given one for CO, in agreement with what seems to be usual for ionized mole- 
cules.* 

2 F. London and H. Hénl, Zeits. f. Physik 33, 803 (1925). 

3 R.S. Mulliken, Phys. Rev. 30, 138 and 785 (1927). 
4L.S. Ornstein, Zeits. f, Physik 49, 315 (1928). 
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RESULTS 


The most recent report on the COs emission spectrum—on the basis of 
low-dispersion photographs, however—was given by Smyth.’ Comparing the 
pictures given by him in his Fig. 2, parts a and 0, with the present plates, 
some differences were noticed, which are due probably to differences in 
methods of excitation. 

(1) Smyth’s electron beam discharge seems to be cooler than the present one, 
which gives better developed bands and is more suitable for rotational analy- 
sis purposes, while his pictures are more useful for a vibrational analysis. 

(2) According to Smyth: ... “from 42900 to 43500 the bands occur in five 
well-defined groups . . . from 3500 to 4000 is a terrific tangle.” In the present 
pictures however, the bands from 3500 to A4000, as well as those from 
42900 to A3500 fall into well-defined groups, four in number (at AA3503, 
3661, 3839 and 3905) in the former region. 

(3) The electron beam method picture shows very strong bands at 3853, 
3871 and 3961A. The present pictures show the two first mentioned bands 
much less intense and in the place of the third (about 3961A) they show prac- 
tically nothing. Also the groups at 4108A and longer wave-lengths are weaker 
on the present plates. 

Concerning the rotational fine structure, the present high-dispersion plates 
show that the strongest bands of the part of the spectrum which falls into 
groups, namely the bands \A3247, 3254, 3370, 3377, 3503, 3511, 3534, 3545, 
3674, and 3839A, all have the same simple structure, except that some show 
staggering and others do not (see below); they can be analyzed into P and R 
branches; Q branches could not be detected. The simple band structure indi- 
cates that the molecule is linear in both upper and lower energy states. The 
absence of a Q branch may be explained by assuming only such transitions, 
in which the orbital-angular momentum quantum number (in diatomic mole- 
cules A) does not change: Y—>2, II-ll, etc. transitions. 

Comparing pictures taken with and without magnetic fields, we find that 
the lines of the above-enumerated bands show no Zeeman effect. Other 
bands: AA2880 ~2900A and A3661A, which differ from the above-mentioned 
bands in having more complicated structure also without fields, show up to 
the highest rotational states shiftings, broadenings, and in some places also 
splittings and polarizations in the magnetic field. 

Calculations on the basis of the Zeeman effect energy level formula suit- 
able for a diatomic molecule® 


Av = Avnorma: |M/K(K + 1) JA? 
with lJ =—K, —(K-1)...(K-—1) K show that, assuming a ‘III transi- 
tion (A=1), we would get for 30,000 gauss field strength for the line P(5) 


an overall width of the patterns Av =0.16 cm, where, however, the intense 
components cover a width only of 0.06 cm; for P(9) we get an overall width 


°>H. D. Smyth, Phys. Rev. 38, 2 000 (1931) and 39, 380 (1932). 
6 J.S. Millis, Phys. Rev. 38, 1148 (1931). 
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Av=0.04 cm. In the case of a 'A—>"A transition (A=2), we would get four 
times larger widths. 

Now on the present plates the lines with the lowest rotational quantum 
number that can be observed are usually P lines from P(7) or P(9) up and R 
lines from R(17) or R(19) up. Only in two bands, 43370 and A3503A, where 
the overlappings with neighboring strong R lines are fewer, can we observe 
(without field) P lines from P(3) or P(4) up. The widths of the lines were 
found to be about 0.04 cm~! and we may suppose that a broadening of the 
same magnitude in a magnetic field probably would be detected. However, 
the only observable effect of the magnetic field seems to be to cause a more 


TABLE I. \=3503A. 


P R P R P 
M v(cm7) M v(cm) M v(cm—) M vem) | M v(cm™) 
2 28,530.47? 18 28,534.92 | 23 28,498.12 39 28,511.12 | 44 28,438.77 
3 29.58 19 34.37 | 24 96.02 40 9.24 | 45 35.30 
4 28.54 20 33.84 | 25 93.78 41 7.56 | 46 31.71 
5 27.55 21 33.00 | 26 91.50 42 5.44 | 47 28.11 
6 26.39 22 32.49 | 27 89.10 43 3.54 | 48 24.37 
7 25.22 23 31.78 | 28 86.65 44 1.53 | 49 20.51 
8 23.99 24 30.94 | 29 84.10 5 499.37 | 50 16.82 
9 22.72 25 30.05 | 30 81.50 4¢ 97.14 | 51 13.05 
10 21.40 26 29.09 | 31 78.83 7 94.85 | 52 08.78 
11 19.96 27 28.07 | 32 76.12 48 92.57 | 53 05 .06 
12 18.52 28 26.96 | 33 73.31 49 90.18 | 54 01.27 
13 17.03 29 25.87 | 34 70.56 50 87.88 | 55 396.88 
14 15.43 30 24.67 | 35 67.59 51 85.35 | 56 92.73 
15 13.77 31 23.43 | 36 64.65 52 82.69 | 57 88 .39 
16 12.01 32 22.09 | 37 61.66 53 80.18 | 58 84.15 
7 10.28 33 20.73 | 38 58.72 54 77.47 | 59 79.79 
18 08.42 34 19.32 | 39 55.43 55 74.80 | 60 74.86 
19 06.47 35 17.81 | 40 52.14 56 72.03 | 61 70.80 
20 04.71 36 16.24 | 41 48 .90 62 66.29 
21 02.49 37 14.64 | 42 45.64 63 61.65 
22 00.41 38 12.87 | 43 42.29 64 56.87 
TABLE II, \=3370A. 
P R P R P 
M v(cm—) WU v(cm~) M v(cm™) M v(cm~) M v(cm™) 
3 29,656.18? 17 29,661.57 | 21 29,628.58 35 29 642.77 | 39 29,580.40 
4 55.17 18 61.01 | 22 26.47 36 41.19 | 40 i; 
5 54.18 19 60.58 | 23 24.26 37 39.36 | 41 73.72 
6 52.99 20 59.86 | 24 22.01 38 37.69 | 42 70.21 
7 51.83 21 59.18 | 25 19.62 39 35.85 43 66 .90 
8 50.56 22 58.44 | 26 17.28 40 33.89 | 44 63.29 
9 49 .26 23 57.60 | 27 14.80 41 31.85 | 45 59.74 
10 47.88 24 56.74 28 12.27 42 29.92 | 46 55.90 
11 46.43 25 55.78 | 29 09.69 43 27.86 
12 44.95 26 54.80 30 07.08 44 25.61 
13 43.40 27 53.69 | 31 04.38 45 23.49 
14 41.78 28 52.50 | 32 01.50 46 21.11 
15 40.21 29 Sy 33 1-32 598.79 47 18.85 
16 38.32 30 50.06 34 95.90 48 16.30 
17 36.49 31 48.75 | 35 92.94 49 13.37 
18 34.61 32 47.34 | 36 89.82 50 11.34 
19 32.68 33 53.91 | 37 86.73 51 9 60 
20 30.69 34 44.41 | 38 83.45 52 
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rapid decrease of intensity in the P branch in the direction of lower rotational 
quantum numbers. This may probably be attributed to an unresolved Zee- 
man splitting increasing in that direction. With field (25,400 gauss) the first 
observable P lines are about P(8) or P(9) in the above two bands. The widths 
of all the observable lines with field is the same (within observational accuracy ) 
as without field. 

TABLE IIT. \=3247A. 








P R P R P 
M v(cm™!) M VU v(cm~!) M VU y(cm~) 
30,781.60 21 20 30,752.93 41 40 30,698.18 
80.59 22 21 50.76 42 $1 94.74 
79.79 23 22 48.64 3 42 91.07 
78.83 24 23 46.36 44 43 87.64 
77.80 25 24 44.14 5 44 84.11 
76.67 26 25 41.72 46 45 80.37 
75.58 27 26 ae.28 7 46 76.67 
74.39 28 27 36.73 48 47 72.61 
73.17 29 28 34.20 49 48 68.88 
9 71.81 30 29 31.58 50 49 65.02 
10 70.38 31 30 28.83 51 50 60.91 
11 68 .95 32 31 26.01 52 51 56.67 
12 67.41 33 32 23.19 53 52 52.49 
13 65.84 34 33 20.25 54 53 48.81 
14 64.24 35 34 17 .36 55 54 $4.82 
15 62.49 36 35 14.19 56 55 40.17 
16 60.72 37 36 11.29 57 56 36.29 
17 58.91 38 37 07.95 58 37 31.87 
18 56.96 39 38 04.78 59 58 27.47 
19 54.93 40 39 01.44 
TABLE IV. A\=35/1A 
P P R 
M v(cm-) M v(cm~) | M v(cm~) M v(cm-!) 
13 28 453.14 17 28 471.54 28 28,422.85 32 28,458.72 
14 51.24 18 71.16 29 20.51 33 57.63 
15 49.85 19 70.62 30 17.84 34 56.09 
16 47.93 20 69 .97 31 15.19 35 54.81 
17 46.32 21 69.68 32 12.55 36 53.14 
18 44.60 22 68 . 86 33 09.95 37 51.72 
19 42.60 23 68.23 34 07.08 38 49.85 
20 40.55 24 67 .36 35 04.35 39 48 .30 
21 38.71 25 66.46 36 01.27 40 46.32 
22 36.51 26 65.58 37 398 .55 41 44.00 
23 34.45 27 64.65 38 95.09 42 42.60 
24 32.17 28 63 .44 39 92.27 
25 30.01 29 62.35 40 89.08 
26 27.67 30 61.33 41 85.96 
27 25.62 31 60.12 





Considering these facts, we may conclude, that a '‘A—"'A transition seems 
to be improbable, while the possibility of a II—>'Il transition, and of course of 
a 'Y—'2 transition (which should show no Zeeman effect) remain. 

The bands beyond 3845A appear to be not much more complicated than 
the above-enumerated ten bands and also have no observable Zeeman effect, 
but there is so much overlapping that a third order picture does not permit 
their analysis into branches. 




















Pp P R 
M v(cm~!) M v(cm~) M v(cm~) M v(cm~) 
8 29,585.78 17 29 596.93 33 29 534.39 42 29 566.26 
9 84.51 18 96.37 34 31.35 43 64.41 
10 83.27 19 95 .90 35 28.52 44 62.11 
11 81.91 20 95.22 36 25.44 45 60.10 
12 80.40 21 94.75 37 22.50 46 57.61 
13 78.67 22 93.86 38 19.32 47 55.62 
14 76.71 23 93 .03 39 16.16 48 52.89 
15 75.24 24 92.26 40 12.82 49 50.90 
16 73.47 25 91.33 41 09.72 50 48 .43 
17 71.70 26 90.33 42 06.14 51 45.83 
18 69.77 27 89 .43 43 02.89 52 42.87 
19 67 .89 28 88.10 44 499 .25 53 40 .46 
20 65 .87 29 87.01 45 95.69 54 37.22 
21 63.95 30 85.78 46 91.99 55 35.04 
22 61.64 31 84.70 47 88 .50 56 31.87 
23 59.74 32 83.45 48 84.52 57 29.01 
24 57.09 33 81.91 49 80.90 58 25.87 
25 54.98 34 80.40 50 76.92 59 23 .06 
26 52.89 35 79.06 51 73.12 60 19.62 
27 50.31 36 77.11 52 68 .96 
28 47.74 37 75.70 53 64.97 
29 15.22 38 73.72 54 60.83 
30 42.43 39 72.09 55 56.78 
31 39.89 40 70.21 56 52.22 
32 37.09 41 68 .38 57 48.19 
TABLE VI. \=3254A. 
P P R 
VW v(cm7) VW v(cm™') M v(cm7) M v(cm™) 

4 6 30,708.77 17 30,717.36 29 30 , 665 .02 40 30 ,689 .08 

7 07.59 18 16.75 30 62.28 41 87.12 
8 06.41 19 16.17 31 59.69 42 84.76 
9 04.78 20 15.63 32 56.67 43 82.97 
10 03.68 21 14.93 33 53.96 44 80.37 
11 02.15 22 14.19 34 50.86 45 78.36 
12 00.60 23 ‘3.38 35 48.10 46 75.78 
13 699 .20 24 12.26 36 44.82 47 73.63 
14 97.51 25 11.29 37 41.64 48 70.95 
15 95.91 260 10.17 38 38.39 49 68 .13 
16 93.88 27 09 .27 39 33.335 50 65.57 
17 92.14 28 07.95 40 31.87 51 63.37 
18 90.19 29 06.84 41 28.61 52 60.28 
19 88.36 30 05.38 42 24.82 53 57.82 
20 86.07 31 04.25 43 21.47 54 54.61 
2 84.11 32 02.64 44 18.08 55 51.96 
22 82.01 33 01.44 45 14.31 56 48.81 
23 79.86 34 699 .62 46 10.30 57 45.82 
24 77.44 35 98.18 47 06.90 58 42.56 
25 75.13 36 96.30 48 02.72 59 39.74 
26 72.61 37 94.70 49 598 .99 60 36.29 
27 70.26 38 92.68 50 94.84 61 33.40 
28 .07 


67 .60 39 91 


of the pure measurement is of the 








TABLE V. \=3377A. 
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The present paper deals with the analysis of the ten bands enumerated 
above. Tables I to X contain the measurements of the bands. The accuracy 


same order as that of the iron lines in that 


region serving as normals, i.e., a few thousandths of an angstrom unit or in 





P 

VW v(cm—!) 
9 28,275.43 
10 73.99 
11 72.76 
12 71.34 
13 69.79 
14 68 .37 
15 66.74 
16 64.88 
17 63.27 
18 61.18 
19 59.55 
20 57.43 
21 55.65 
22 53.43 
23 51.49 
24 49 23 
R 
v(cm™!) VW 
28,195.81 17 
95 .33 18 
94.88 19 
94.24 20 
93.70 21 
92.87 22 
92.20 23 
91.43 24 
90.60 25 
89.75 26 
88.71 27 
87.65 28 
86.67 29 
85.53 30 
84.24 31 
R 
v(cm™) VW 
27,205.77 18 
05.38 19 
04.82 20 
04.32 21 
03.69 22 
03 .04 23 
02.28 24 
01.60 25 
00 .64 26 
199.82 27 
98 .83 28 
97.74 29 
96.71 30 
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TABLE VII. A=3534A. 


P 


12 


.69 


41 


.69 
45 
.64 
.39 
.68 
.19 
99 
.49 
.28 
.54 
.28 
42 


03 


R 
M v(cm~') M v(cm~) 
17 28 , 288.23 25 28,247. 
18 87.75 26 44 
19 87.13 27 42. 
20 86.62 28 39 
21 86.00 29 37 
22 85.45 30 34 
23 84.80 31 32 
24 84.00 32 29 
25 83.12 33 27 
26 82.13 34 23 
27 81.21 35 21 
28 80.12 36 18 
29 79.06 37 15 
30 77.79 38 12 
31 76.74 39 09 
32 75.43 40 06. 
TABLE VIII. X=3545A 
P R 
M v(cm7!) M 
9 28,182.91 32 
10 81.67 33 
11 80.19 34 
12 78.69 35 
13 77.23 36 
14 75.67 37 
15 74.04 38 
16 72.28 39 
7 70.45 40 
| 18 68 .83 
19 66.84 
20 64.84 
21 62.88 
22 60.81 


TABLE IX. \=3674A. 


P R 
M v(cm™) M 
27,195.54 31 
94.38 32 
9 93.24 33 
10 92.22 34 
11 91.48 35 
12 89 .44 36 
13 88 .00 37 
14 86.48 38 
15 83.94 39 
16 82.26 40 
17 80.76 
18 79.18 
19 eae 
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27 845. 
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TABLE X. A=3839A. 











P R 

M back A forth | M back A forth 

5 26,030.72 | 16 26,039.70 
1.13 | 0.29 

6 26,029.59 17 26,039.41 
0.89 0.35 

7 028.70 18 039 .06 
1.27 0.46 

8 027.43 19 038 .60 
‘22 0.39 

9 026.21 20 038.21 
1.33 0.53 

10 024.88 21 037.08 
1.30 0.60 

11 023.58 22 037 .08 
1.44 0.57 

12 022.14 23 036.51 
1.45 0.71 

13 020.68 24 035.80 
1.47 0.69 

i4 019.21 25 035.11 
1.56 0.85 

15 017.65 |; 26 034.26 
1.63 | 0.77 

16 016.0? 27 033.49 
1.66 1.01 

17 014.36 | 28 032.48 
1.78 | 0.93 

18 012.58 | 29 031.55 
1.77 1.07 

19 010.81 30 030.48 
1.88 1.02 

20 008 .93 31 029 .46 
1.88 1.24 

21 007 .05 32 028.22 
2.05 1.01 

22 005 .CcO 33 027.21 
1.92 1.50 

23 003 .08 34 025.71 
2.14 1.09 

24 000 .94 35 024.62 
2.07 1.58 

25 25,998.87 | 36 023.04 
2.04 1.24 

26 25,996.83 37 021.80 
2.38 1.74 

27 994.45 38 020 .06 
2.36 :.23 

28 992.69 39 018.83 
2.25 1.79 

29 989 .84 40 C17 .04 
2.60 1.44 

30 987 .24 41 015.60 
2.33 1.98 

31 984.91 42 013.62 
2.75 1.49 

32 982.16 43 012.13 
2.33 2.11 

33 979 .83 44 010.42 
2.33 1.53 

34 977 .O0 45 008 .49 
2.53 » Be 

35 974.47 46 006.18 
2.97 1.62 
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TABLE X. (Continued) 





AX=3839A 
P R 
M back A forth M back A forth 
36 25,971.50 47 26,004.56 
2.65 2.47 
37 25,968.85 48 26,002.09 
3.35 1.72 
38 965 .70 49 000 .37 
2.67 2.54 
39 963 .03 50 25 ,997 .83 
3.09 1.82 
40 959 .94 51 25,996.01 
2.87 ee 
41 957.07 52 993.29 
3.22 1.85 
42 953.85 53 991.44 
2.90 
54 988 .54 
1.97 
55 986.57 
3.02 
55 


56 983. 
wave numbers +0.03~0.04 cm~. Unfortunately, however, the overlappings 
are very frequent in these bands and this—together with the extraordinary 
closeness of the lines—causes some errors which, especially in the combina- 
tion differences, in the worst cases give deviations up to +0.5 cm™~ which, 
however, are not systematic. 


3503A S511A 
Y Y 
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Fig. 2. Non-staggering CO, band at A3503A. 


Five of the measured bands, those at AA3254, 3377, 3511, 3534 and 3839A 
show staggering, i.e., the lines of the branches are slightly displaced alter- 
nately toward lower and toward higher frequencies; the five others, in the 
limit of the observational accuracy do not. The staggering increases with the 
rotational quantum number. This phenomenon, together with the fact that 
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in the same or nearly the same place on the plates we have always P and R 
lines differing in rotational quantum number by 22-25 units, gives the impres- 
sion that the P lines form a smooth series, while the R lines stagger back and 
forth between them. The measurements show, however, that the successive 
differences between adjacent P lines also alternate. To illustrate this fact, in 
Table X, for the band at \3839A—which shows the staggering most promi- 
nently—these successive differences are listed in addition to the wave num- 
bers. The rotational numbering of the lines listed in Table I-X should be 
taken as arbitrary. Some considerations (see below) show, however, that the 
true rotational numbering probably does not differ from that here given by 
more than a few units at most. 

3839A 3845A 
y Y 









































































































































Fig. 3. Staggering CO. band at A3839A. 


A striking feature of the investigated bands may be mentioned now. This 
is: if we calculate differences between P and R lines, such as R(.\J — 2) — P(.M) 
R(.\—1)—P(\M), and so forth, we find that all the ten bands give almost 
the same sets of numbers. To illustrate this fact, in Table XI are listed the 
differences called R(.\/)—P(.\/) for all bands. These differences are linear 
functions of 1/7. At the bottom we find the values B, the constant coefficient 
(divided by four) of the in JJ linear sets. These, and B values calculated in 
other similar tables for several other difference sets, agree for all the ten bands 
within 0.004 cm~'. This fact formed the common basis for the J numbering in 
all ten bands. 

Since the time of their discovery, most of the CO, bands in the region here 
investigated have been believed to be members of v’ progressions. The evi- 
dence for this opinion is that the wave numbers of the heads of most bands 
can be interpreted by the formula 


Vhead = Va + 1136.850’ — 1.850" (1) 


where v’ is a vibrational quantum number. The different progressions have 
for v, different values (see Smyth’* especially). The fact that the red degraded, 
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nN 3247 3254 
stagg. 
M 
15 
160 
17 25.22 
18 26.56 
19 27.81 
20 29.56 
21 30.84 30.82 
22 31.95 32.18 
23 33.43 33.45 
24 34.69 34.82 
25 36.08 360.16 
26 37.40 37.50 
27 38.85 39.01 
28 40.19 40.35 
9 41.59 41.82 
30 42.98 3.10 
31 44.37 44.56 
32 45.76 45.97 
33 47.16 47.48 
34 48.48 48.76 
35 50.05 50.08 
36 51.20 51.48 
37 $2.77 53.10 
38 54.13 54.29 
39 55.52 55.74 
40 560.75 57.2: 
41 58.19 58.51 
42 59.69 59 .94 
3 61.00 61.50 
44 62.25 62.59 
5 63.77 64.05 
46 865.05 65.48 
7 66.66 66.73 
48 67.85 68.23 
49 69.18 69.14 
50 70.67 70.73 
51 72.54 
52 73.65 
53 75.02 
54 76.43 
55 77.94 
56 79.53 
B 


0.3467 0.3473 


Supposed R(M)-P(1\ 
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TABLE XI. 


3370 3377 3503 

stagg. 

25.08 25.23 
26.40 26.60 20.50 
27.90 28.01 27.90 
29.17 29.35 29.13 
30.60 30.80 30.51 
31.97 ee e. 32.08 
33.34 33.29 33.606 
34.73 35.47 34.92 
36.16 36.35 36.27 
37.52 37.44 37.59 
38.89 39.12 38.97 
40.23 40.44 40.31 
41.64 41.79 $1.77 
42.98 43.35 43.17 
44.37 44.81 44.60 
45.84 46.36 45.97 
47.12 7.52 47.42 
48.51 49.05 48.706 
49.83 50.5 50.22 
51.37 51.067 51.59 
52.63 53.20 52.98 
54.24 54.40 54.15 
55.45 55.93 55.69 
56.78 57.39 57.10 
58.13 58.66 58.66 
59.71 60.12 59.80 
60.96 61.52 61.25 
62.32 62.86 62.76 
63.75 64.41 64.07 
65.21 65.62 65.43 
67.12 66.74 
68.37 68.20 
70.00 69.67 
41.31 71.06 

72.71 

73.91 

75.49 

76.39 

78.26 

79.65 
0.3482 


0.3464 0.3485 


3511 


stagg. 


5 
20. 


Cos Can Soe an ns Gn Gn ws 
S10 UUwmwes et 
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97 
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JID 


18 
.19 


91 
‘02 


99 


49 
93 
17 
.08 
.O1 
46 
.87 


./0 
.03 
.24 
.64 


0.3495 


1) combinations for all band 


5 

3534 3545 3674 
stagg. 

25.17 5.36 

20.57 20.50 20.59 
27.58 23.04 28.2 
29.19 29 40 29.38 
30.25 30.82 30.79 
31.82 32.06 32.12 
33.31 33.58 33.58 
34.77 34.90 34.9) 
36.00 30.38 360.40 
37.44 37.88 37.88 
38.80 38 .99 39.26 
40.43 40.55 40.67 
41.61 41.90 41.80 
43.15 43.44 43.05 
44.35 44.59 44.07 
45.75 46.07 46.23 
46.80 47.41 

48.77 48.81 

49 85 50.11 

51.19 51.61 

52.83 

54.00 

55.46 

56.83 


0.3468 0.3493 0.3497 





3839 


stagg. 


23.68 
25.05 
26.48 
27.79 
29.28 
30.63 
32.08 
33.43 
34.806 
36.24 
37.43 
39 O04 
40.39 
41.71 
43.24 
44.55 
40.06 
47.38 
48.71 
50.15 
51.54 
52.95 
54.36 
55.80 
57.10 
58.53 
59.77 
0.3484 


simple-structured CO, bands, and their lines themselves also, can be ntted in 
sets with almost the same constants, from the vibrational as well as from 
the rotational viewpoint, is one of the most prominent features of these bands, 
especially considering that a completely rigorous analysis has not yet been 


possible. 


Among the ten bands here investigated there are three staggering and 
three non-staggering bands which form successive members of two v’progres- 


sions: 


\A3503, 3370, 3247A .. 
AA3511, 3377, 3254A . . 


. hon-staggering 


. staggering. 
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To get the rotational numbering it therefore seemed suitable to look for 
identical sets of final state combination differences. The results of computa- 
tions of this kind are given in Tables XII and XIII for the staggering and 
non-staggering sets, respectively. 

In Table XII, best agreement is found in the set marked R(.VW/—2)—P(M). 
If we call this set R(J—1)—P(J+1) and calculate the rotational constants 
as usual with the formula: 


AsT”"(J) = R(JJ — 1) — PU + 1) = 4B" + 3) (2) 


we get the surprising result, that the J values are (within limits of a few 
hundredths, which may be attributed to experimental error) half integers. 
The two neighboring sets R(.J—1)—P(M/) and R(.M—3)—P(M), however, 
give whole numbers for J. It will be seen that the sets R(.\/—1)—R(\+1) 
give almost as good agreements as R(.\/—2)—R(.V), while other sets give 
gradually increasing deviations which soon pass outside the range of possible 
experimental errors. Hence the correct combination set is probably not far 
different from R(.\J—2)—P(.\/). If integral J values are assumed to be 
necessary, it is probably R(.J—1)—P(1/). In any case, however, since the 
the calculated B’’ values do not vary much from one set to another, the B”’ 
value obtained from, say, R(.\J—1)—P(.M) is probably not far from cor- 
rect. It also follows that the B’ values are not very different from (slightly 
less than) the B”’ values. For instance if R(.\J—1) — P(.W) gives 4B’'(J+1/2), 
then R(.1/+1)—P(.\/) =4B’(J+1/2). If we assume this we find that the B’ 
values occur in succession as 


, ; , 
3 3511 - B 3377 > B 3254 


in harmony with the vibrational numbering® 
03511 <. 0 3377 K. v’ 3954, 
if we assume the formula well known for diatomic molecules: 


B, — Bo — al? +) 


with positive a, as is plausible for v’ progressions with formula (1). The values 
for a seem to be very small, of the order of magnitude of 0.001 cm~!. To this 
may be attributed the difficulty in deciding which combination sets are the 
correct ones. The alternate occurrence of whole and half J numbers for vari- 
ous possible combinations is marked in the right-hand corner of each com- 
bination in Tables XII and XIII. 

Concerning Table XIII it should be mentioned that the data in the 
\3247A band are in all probability not so accurate as those for the two others, 
because this band is composed of coincident P and R branches (at least for 
the eye), which among other things, results in a lower accuracy. Namely, 
the coinciding P and R lines have rotational quantum numbers differing by 
about 22 units, so that the coinciding components have not at all the same 
intensity and they contribute to the resulting line in unequal proportion and 
so a systematic shifting of the measured resulting line, i.e., of its center 
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of gravity, may occur. Hence, less weight should be given to agreements 
involving the combination sets of this band. 

In this table we may say that the supposed common final state may be 
interpreted by one of the left-hand columns. Anyway, we find that the num- 
bering calculated on the basis of formula (2) does not differ from our arbitrary 
numbering by more than one or two (or by a half or one and a half) units .This 
is true for both progressions, and in view of Table XI, probably for all the 
bands. The B values for both initial and final states then probably lie within 
the interval of : 0.395 ~0.345 cm™!. 

On the basis of these values, assuming the rotational axis perpendicular 
to the line through the three atoms of COs and going through the carbon atom 
and assuming the effective mass for that axis: 


oes 2M exyarn = §3.12-10 He 


we can roughly calculate the distance between the carbon and one of oxygen 
atoms. We get in this way: r equal to about 1.25~1.15-10~-* em, that is, 
almost the same as, or slightly larger than, in the CO and CO* molecules. 

In making the above computations concerning the numbering and rota- 
tional constants we have not mentioned the theoretical requirement that, be- 
cause of the symmetry of the CO, molecule and the zero nuclear spin of the 
oxygen atoms, alternate rotational levels and band lines should be missing. 
As for the staggering bands, a very simple assumption (see below) may ex- 
plain both staggering and missing lines. But considering only the non-stagger- 
ing bands, the question might arise whether these bands could not be ex- 
plained by supposing that they have alternately missing lines, so that the 
rotational constants would really have values roughly half as large and the 
rotational quantum numbers of the lines, values roughly twice as large as 
stated above. In making this assumption, we would encounter difficulties 
not only in the fact that in this case the nuclear separations would become 
improbably large, but also in interpreting the rotational intensity distribu- 
tion of the bands. It was shown before that the intensity distribution of the 
angstrom bands present in the spectrum gives a value for k7 =800 cm™ and 
assuming the formula 


k fT = yy) my + 1)(2A, a + 3) 


for the R branches of the CO, bands, we would get with supposed B’ values 
about 0.360 ~0.350 (middle and left-hand columns in Table XIII) a value for 
K' wax about 31~32; with B values half as large we get K’’ max about 43~45. 
The R(43) or R(45) line would of course be identical with our former lines 
R(21)~R(23). Now the intensity distribution of the bands at A3503A and 
A3370A on several plates was registered with a Moll microphotometer and the 
curves show, although distorted by the close lying lines and some overlap- 
pings also, their maxima undoubtedly within the interval of 1/=30 to 33. 
This confirms the assumption that alternate lines are not missing in the bands 
without staggering. 

In surveying all the combinations given in Tables XII and XIII it seemed 
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of interest to determine whether the two progressions have or have not an 
exactly common level. Every conceivable kind of combination between the 
lines of the different bands in the different progressions was tried, but every 
set obtained showed—to be sure small but systematic deviations from the 
others. 

A simple explanation of the staggering together with the theoretical re- 
quirement of missing levels can be given as follows: In analogy to diatomic 
molecules, we assume that the rotational levels of CO, form a set (in the first 
approximation) with the well-known formula 


T(J) = BJ(J +1) or T(K) = BRK(K + 1) 


and in further analogy with diatomic molecules, we assume a splitting of the 
levels, something like the A-type doubling. Now, due to the zero nuclear spins 
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Fig. 4. Possible energy diagram and explanation of the staggering in some CO), bands. 
The rotational levels have doublings in analogy to the A-type doublings of a diatomic molecule. 
Because of the zero nuclear spin of the oxygen atoms, every second level is missing (broken 
lines). P and R branches appear to be divided into two alternating sets marked with full and 
empty circles. To get term-differences, we have to combine full circle R lines with full circle P 
lines and empty circle R lines with empty circle P lines. 


of the oxygen atoms, every other level, alternately the upper and lower one of 
the sublevels of a A-like doublet, as in Hes, should be missing. The energy- 
level diagram could be drawn then somewhat as in Fig. 4 (where the A-like 
doublings are greatly exaggerated).’ The P and R lines would then appear to 
be divided into the two sets, marked with full and empty circles (transitions 


7 See Figs. 17 and 32 for structure of bands like this given by R. S. Mulliken, Rev. Mod. 
Phys. 3, 89 (1931). 
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only between x sublevels and transitions only between y sublevels). To get the 
x level combinations, we have to combine full circle P and R lines, to get y 
level combinations, we have to combine empty circle lines. But the question 
which half of the P and of the R branches represent the empty and which the 
full circle lines, and therefore which set of P lines should be combined with 
which set of R lines, remains at first unanswered. 

The magnitude of the staggering is different in the different bands. In the 
band at A3839A it is the largest, in the progresssion \A3511, 3377 and 3254A 
it is less and in the band A3534 it is only just observable. This suggests that 
perhaps the non-staggering bands have staggering also, only its magnitude 
is less than enough to become observable. 

The A3839A band shows the most striking staggering, so it may serve as 
an example for the following considerations. In Table X the lines of the bands 
are fitted in two columns, marked “forth” and “back,” where the “forth” 
means a deviation in the direction of higher frequencies, that is, since the 
band is red-degraded, toward the head, and “back” in the opposite direction. 
The arbitrary numbering was chosen in such a way that even numbers be- 
long to “back” staggered, odd numbers to “forth” staggered lines in both 
branches. (This was done also in the other staggering bands, and this served 
as a second basis, besides that explained by discussing Table XI (see above), 
for the common J/ numbering in the different bands. ) 

Table XIV contains a number of possible combinations in the A3839 
band; combinations in which the .V/ value of the P line is even or odd are listed 
respectively in the left and right subcolumns of each combination set. Before 
each combination value is given the value J which is calculated, assuming 
the formula 

combination (R — P) = 4B(J + 3) 


and the average constant differences in each column of two adjacent combina- 
tion values are listed as “8B” at the bottom of the table. The approximate 
nature of the J values obtained is given at the top of each column under 
“whole” or “half.” (In the bands without staggering, similar tables give al- 
most exactly integers and half integers: cf., data in Tables XII, XIII.) Below 
these their deviations from the nearest whole and half numbers are also listed. 
The sum of the deviations for the two halves of each combination set seems 
to be zero in the “whole” sets. The deviations themselves seem to be two or 
three times as large in the “whole” combinations as in the “half” ones. The 
difference 8Boyen —8Bouq seems to be about four times as large in the “‘whole”’ 
sets as in the “half” sets, and also differs in sign. 


The quantity 8B.,.,—8Boaq in the other staggering bands also was found 
to be positive in the “whole” sets in all cases and negative in the “half” sets 
in most cases. Its magnitude (an approximate measure of the staggering) 
seems to be about +0.016 cm™! in the “whole” sets. The calculated J values 
are equal to whole and half numbers within the lower observational accu- 
racy—due to frequent overlappings in these bands, and do not permit a real 
calculation of their deviations from the next whole or half number. 
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The levels of A-type doubling in a diatomic molecule can be interpreted 
by the formula* 


hl) «a +al +4I0 +) + -->: 


where 7 refers to either x or y sublevels. We may try to use this formula for 
the present case. 

Combining two sublevels differing by two units in J, but of the same kind 
(that is, two x, or two y levels) we get 


(J +1) + 6(J — 1) = 26; + 45, + }). 


The difference between B,,.., and B,aq should then represent the differ- 
ence between 6, and 6,, while the deviations of the apparent J’s from whole 
numbers correspond to €, and €,, of which according to the observational 
data one is positive, the other negative. Both the “whole” and the “half” 
combinations in the band at A3839A show effective B and J values which are 
consistent with this scheme, and there seems to be no way of deciding between 
them on this basis, nor of deciding which of the “whole” or of the “half” com- 
binations is most likely to be correct, except roughly by assuming the inten- 
sity distribution to be analogous to that in the bands which belong to pro- 
gressions. 

In a separate paper Professor R. S. Mulliken expects to discuss some 
further points in connections with the theoretical interpretation of the CO, 
bands. 

The writer wishes to express his thankfulness to Professor Robert S. 
Mulliken for his unceasing advice in analyzing the bands and to Professor 
George S. Monk for his kind assistance in experimental troubles, especially 
for the excellent temperature control of the grating-room. 


§ R.S. Mulliken, Rev. Mod. Phys. 3, 89 (1931). 
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Electronic Structures of Polyatomic Molecules and Valence. 
II. Quantum Theory of the Double Bond 


By Ropert S. MULLIKEN 


Ryerson Physical Laboratory, University of Chicago 
(Received August 4, 1932) 


The electronic structure of CH, in its probable normal and first excited states is 
described in terms of molecular orbitals. The formation of C,H, from two (excited) 
CH: radicals is discussed, and it is shown, with the help of the Slater-Pauling over- 
lapping criterion, to be theoretically obvious, in agreement with experiment, that 
for the normal state of C.H,4 the energy is surely considerably lower if the two CHe 
are arranged symmetrically in one plane than if their planes make an angle of 90° 
(Figs. 1, 2). Similar statements apply to the derivatives of C.H4. The C=N and N=N 
double bonds can be treated similarly. The C=C and O=O double bonds are com- 
pared. The (BH;)=(BH3) bond in B:H¢ probably resembles the O=O more than 
the C=C bond. For certain predicted excited states of C2H, and its derivatives, 
which are probably the upper states of ultraviolet absorption bands of these com- 
pounds, it is shown that the energy should be higher for the plane form than for the 
perp. form (one CR’R” plane rotated through 90°). Hence the plane form should tend 
to go over spontaneously by rotation into the perp. form (90°) and on to the other 
plane form (180°) after absorption of suitable ultraviolet light. In this way the ob- 
served transformations of cis into trans isomers or vice versa by ultraviolet light may 
be explained. 


INTRODUCTION 


EVERAL attempts have been made to explain quantum-mechanically 

the well-known double bond of organic chemistry.' Hiickel formulated 
the double bond, e.g., in CH, as consisting of two electron-pairs [¢ |? [7 |?, 
where [a] has approximate rotational symmetry around the C-C axis, [7] an 
angular distribution approximately proportional to sin @ (¢é =0 in the common 
plane of all the nuclei). The stability of the double bond toward rotation is 
connected with properties of the [7 ],i, , orbital, but Hiickel’s discussion of 
this stability is unsatisfactory. 

Slater? and Pauling*® give a different explanation using their tetrahedral 
atomic orbitals (s, p hybrids), as follows: Each CHs, has two such orbitals 
which have formed electron-pair bonds with H atoms, and two which are 
unpaired. In CsH,, the two unpaired CHe orbitals form two electron-pairs 
which determine a plane perpendicular to that in which all the atoms lie, 
and cause this arrangement to be stable toward rotation. 

Although the Slater-Pauling method generally gives a good approxima- 
tion and a valid explanation of valence angles, the approximation appears to 


Cf. R. S. Mulliken, Phys. Rev. 41, 49 and especially 55-61 (1932) for a summary and 
references. 

2 J. C. Slater, Phys. Rev. 37, 481 (1931). 

3 L. Pauling, Jour. Am. Chem. Soc. 53, 1367 (1931). 
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be relatively crude in the case of C.H, and of double bonds in general, essen- 
tially because of the assumption of s-p hybridization. As will now be shown, 
it seems possible by means of a different approximation, resembling Hiickel’s 
but going farther, to obtain a more detailed correspondence with existing 
empirical, especially chemical, knowledge of the behavior of double-bonded 
molecules. 

ELECTRONIC STRUCTURE OF CH, 


It is useful to consider the formation of C,H, from 2 CHe for two cases: 
(a) all the atoms lie in one plane (“plane C:H,”); (0) the planes of the two 
CH, make an angle of 90° (“perpendicular C.H,”). For this purpose, it is con- 
venient to describe the molecular electronic structures in terms of molecular 
orbitals' of CH. and of C.H,. The possible types of molecular orbitals and 
their symmetry properties depend on the symmetry of the nuclear arrange- 
ment. They can be conveniently determined by group theory methods, or in 
simple cases by inspection. The exact meanings of the term symbols used 
here for electronic states, e.g., 'T, will be explained in a later detailed paper; 
it should be noted that the meaning of a given symbol may differ according to 
the nuclear arrangement. 

That CHe, should be triangular, with an angle of perhaps about 110° 
between the two C-H directions, can be seen most easily by using the Pauling- 
Slater methods, assuming either pure p valence (predicted angle somewhat 
over 90°) or tetrahedral bonds (predicted angle slightly larger than the tetra- 
hedral angle), or an intermediate condition. In the following, a z axis will be 
chosen bisecting the apex angle of CHe, an x axis perpendicular to the CH» 
plane. [In forming p bonds, Slater and Pauling would use y’ and z’ axes mak- 
ing angles of 45° with the y and gz axes used here. | The probable normal state 
and the probable lowest excited state of CH can then be described in terms of 
molecular orbitals as: 


1s¢[sPLy PLE, Wu ts*Ls Ly FL] Ex], 8s. (1) 


The symbols [s], [x], [v], [z] stand for orbitals which may be approximately 
built up as linear combinations respectively of 2s, 2p., 2p,, 2. of carbon? 
and 1s of hydrogen; [s] consists mostly of 2s, some 1s, and a little 2).; 
[x] of 2p, only; [y] of 2p, and 1s: [=] of 2p., some 1s, and a little 2s. The C-H 
binding is taken care of by the [vy], [s], and [z] orbitals, especially by the 


[y]. 


FORMATION OF CoH, FROM CHes 


The Slater-Pauling criterion of maximum overlapping, which can be ap- 
plied to formation of pairs of molecular orbitals as well as to formation of 
electron-pair bonds,! can now be used to show that the most stable form of 
C,H, should be a plane configuration built out of two CHe radicals each in 
the state... [z|[x], °3 in such a way that the z axes of the two radicals 
coincide and form what may be called the z axis of C2Hy. [Although best 
thought of as built out of two *I’;, normal C.H, should dissociate adiabatically 
into two 'l; unexcited CHe radicals. | With this arrangement, the two [s] 
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orbitals of the two CH, overlap strongly to form Hiickel’s [a] bond, the two 
[x ] orbitals somewhat less strongly to form his [x] bond. The resulting (C-C)- 
bonding orbitals of C2H, are appreximately const. {[z]4+[z]z} and const. 
\ [x ]1+[x]e}, or more briefly, [s+2] and [x+«], where A and B refer to the 
two CHsg radicals. The (C-H) bonding orbitals [s] and [y] of the two CH 
radicals are not very much disturbed by the formation of C.H,, and take 
little part in the (C-C)-bonding, so that one may describe C.H, in its normal 
state approximately as: 


s1s¢[sP[sP[yPLy PE + Ele + x}, Pe. (2) 


The [s] orbitals, in forming [s+], withdraw largely from their previous 
(C-H)-bonding function, their share being taken over by the [s] orbitals; in 
the process, there is probably a somewhat increased hybridization of [s] and 
[:| which facilitates the alterations in their bonding roles: for a[s]+8[z] and 
8[s]—a[s] are respectively better adapted to C-H and to (C-C)-bonding than 
are pure [s| and [s]. 

The interaction between [y],? and [y],2, likewise that between [s],? and 
[s]4?, should be a repulsive one. Instead of [y|?[y |? one might write [y+y |]? 
[v—y]?, where [y+y], which means const. | [y]4+[y]e}, is (C-C)-bonding, 
while [y—y] is (C-C)-antibonding. Probably, however, the (C-C)-nonbonding 
formulation [y|?[y]? represents a better approximation here. The difference 
between the C=C double bond in C.H, and the O=O double bond in O, 
lies chiefly in this last fact. This can be seen on comparing (2) with the follow- 
ing formulations (3) and (4), and noting that (t+7) and (7 —7) of Oz (usually 
called 72 and 7*2p) are two-foldly degenerate orbitals, respectively of the 
types |(x+x) and (y+y)} and {(x—x) and (y—y)},—or {(x+x) +i(y+y)}, 
and {(x—x)+7(y—y)},—where x and y stand for 2p, and 2p, of the O atom. 


CoHy: 1571s?[s]?[s]*]y + v]?[y — y]?[s + s]?[x + x]*, Py, (3) 
Oo: 1s*1s?s2s7(s + 2)2(9 + 3) 4(xr — )?,2E-,. (4) 


Here [y+ y |?[x+- |? of CoH, corresponds to (t +77)! of Os, | y—y]? to (rw —7)?; 
but because of the degeneracy involved in (t—7), which means that (y—y) 
and (x—x) of Os have equal energy unlike [y—y] and [x—x] of CsHy, the 
lowest state of Os is a paramagnetic triplet state with one electron in (x— x), 
one in (y—y), while that of C2Hy, is a diamagnetic singlet state. 

Besides the 'T,;, normal state of CoH, the union of two CH, each in the 
state... [s][x], *'s should give an unstable quintet state and an excited, 
possibly also unstable (cf. Fig. 1), triplet state of C.2H,. This and a corre- 
sponding singlet state should probably be the lowest excited triplet and sing- 
let state of C.H,. They are (cf. (2)): 


1s%1s¢{s]}2[s}2[y}*[y}?[z + 2}¢[x + x] [x — x], Tan Poe (5) 


These states should have a very considerably larger equilibrium C-C distance 
than the normal state. Absorption of suitable ultraviolet frequencies by nor- 
mal C,H, should take it readily to the 'T’y, state, since it can be shown that 
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the transition is in agreement with selection rules appropriate to the case; 
absorption bands leading to the *T;, state should be very weak because of the 
change in multiplicity. If Fig. 1 is correct, the absorption to the *T'y, state 


should consist mostly of a weak continuum causing dissociation into two CHa. 
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PLANE C3H, 


Fig. 1. Probable lowest energy levels of plane C,H, and of perp. C2H, (plane of one CH, 
at 90° to that of the other) and of 2 CH», and their adiabatic correlations as given by group 
theory. (The correlations with 2 CH» should not be considered absolutely certain, since the 
theory has not been carefully checked.) The spacings of the levels are of no more than qualita- 
tive significance, and the correct order of some of them may even be the reverse of that shown. 
It is not impossible that the energy of the *I'y, state of plane CoH, may be higher than that 
of 2 CH2(*Is) so that the state is an unstable repulsive one. The state 'l,,, however, is almost 
certainly stable. It should be noted that while C:H, in its normal state may be thought of 


(dotted lines in the figure) as derived from, or to a considerable degree as consisting of, two 
excited CH » radicals both in the state 


here ; 
- [s] [x], *1s (cf. (2) in the text), normal plane C.H, 
would probably dissociate adiabatically into two unexcited 'T; CH, radicals (dashes in the 


figure). Various states of 2 CH» with only slightly higher energy than those shown could be 
added to the diagram, e.g., 1) +'Ts, 'Ps+°Ps, and 'l3+!P3, but are not important for our pur- 
poses. The equilibrium separation of the two C atoms (r,) is smallest for the normal state of 
plane C2H 4, intermediate in value for the states of perp. C.H4, and relatively large for the T’,, 
excited states of plane C.H 4. Diagrams similar to Fig. 1 would apply to derivatives of CoH 4, e.g. 
R’R”C=CR”R’”, although the group theory designations of the electronic states would be 
different; also, there would be two plane forms (cis and trans) with slightly different energy 

levels. Further, the dissociation product correlations would be rather different, and some pre- 

dissociation of the state corresponding to 'I's, of C.H, seems likely. Perhaps this explains the 


more structureless character* reported for the absorption bands of C.H, derivatives than for 
C,H, itself. 


It is instructive to consider what would be expected if two CHe each in 

. [zs] [x], 3 were brought together with their planes at right an- 
gles. The orbitals [z] would overlap nearly as strongly as before and their 
electrons would give a strong bond [z+z]*, but the two [x] orbitals would 
overlap very little, and give practically zero energy of bonding, as one sees 
clearly on examining carefully the appropriate interaction integrals, which 


the state .. 
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can conveniently be set up according to the methods of Slater. Hence instead 
of getting a singlet state [v+«]? and a triplet state [x+.x][x—.x] of widely 
different energy (cf. (2) and (5)), the singlet and triplet should be nearly 
equal in energy, and both probably fairly stable. There must of course also 
be an unstable quintet. Examination of the integrals indicates that the 
triplet state should be slightly below the singlet, but this is not certain. It 
will be noticed that with perp. C.H, (the two CH: planes perpendicular), the x 
axis of one CHg is parallel to the y axis of the other, and vice versa. As can 
be shown conveniently by group theory, this leads to a degeneracy somewhat 
resembling the 7 degeneracy in Oy. One may write for perp. C2H,: 


1s*1s?[s]*[s]?[w] [2 + s]*[7].2, Ps, Pe, Ps, 1. (0) 





It can be shown that the incomplete group [7]? yields four electron states 
Ts, Pe, Ty, Ti, of which *P; and 'T, are the triplet and singlet state obtained 
by bringing together two CH: ... [z][x], °'3, with their planes at right an- 
gles. The states 'T, and 'T, probably lie a volt or so above the two lowest 
states *T’; and 'T, of perp. C2H,; their structure is as if derived from CHg* plus 
CH;- 

For the *P; and 'T, (but not for the 'Ty and 'T,) one might write instead of 
(0): 


15°15*[5[s}*Ly]*Ly PL + PEs) |e], Ps, Pe (7) 


This gives expression to the fact that the [z 





, and [7], orbitals of perp. 
C.H, in (6), in the case of *TP; and 'Ts, really describe essentially the same 
state of affairs as if one had the original |v] and |x] orbitals of CH», unshared, 
only the [s] orbitals of CH» forming a bond.® 

Comparing plane C.H, with perp. CsH,, it can be shown by group theory 
that (unless possibly other excited states of unexpectedly low energy inter- 
vene), the normal state 'T,, of plane C.H, must go over, on rotation of the 
CH, planes, into the low state 'T, of perp. C.H,, and the two excited states 
‘Ty, and ‘Ty, of plane C.H, into the low states ‘I; and 'T, of perp. CoHy,. It is 
now of interest to consider the relative positions of the various energy levels 

4]. C. Slater, Phys. Rev. 38, 1109 (1931). 

5 The preceding results may appear less unfamiliar if it is remarked that *I; of the present 


| x ].2 corresponds to *S~, of x? of a diatomic molecule, 'I’z and 'I, correspond to 'A, of *, and 
‘1, corresponds to 'S*, of *. In fact if the H nuclei in perp. C2:H, could be united with the C 
nuclei to form O», the four above-mentioned states of - - - [x],‘[].? of perp. C2H,4 would go 
over into the three states of - - + w'xr*® of Oo, i.e., of «+ - (w7+2)*(x— 72)? of (4). 


6 In (6), [x],‘ is a degenerate group formed from ly]? and [y]g*, where the designation 
|v] is based on a separate choice of axes for the two CH, radicals A and B. If a choice of x and 
y axes consistent for the whole perp. CoH, molecule were used, one would have to speak of, 
say, [y|4? and [x],? instead of [y]4? and [y]g*. It is this peculiarity which causes these two 
types to belong to a single degenerate type, here called [7],, of perp. C2H4, regardless of 
whether or not they interact appreciably. Similarly the orbitals which, when expressed in 
terms of the x, y axes of the separate CH,.’s, are called [x]4 and [x] of 2 CH2, become [x]4 and 
|y |g in terms of x and y axes consistent for the whole molecule. In C:H, both, somewhat modi- 
fied by the interaction of the two CH: of course, then belong to the degenerate type here called 


[7].. 
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of plane and perp. C2H,. Roughly, the energy differences depend only on that 
part of the energy of formation of C,H, which is furnished by the interaction 
of the two [x] electrons of the two CH. In perp. C:H, this is approximately 
0 volts (Ty is perhaps about 1 volt higher). In plane C.H, in its normal state 
it is the energy of the [x+.]* bond, say about —2.5 volts. In excited C.H, 
with [x+.]|[x—x] we may expect the anti-bonding action of [x —.] to exceed 
considerably? the bonding action of [x+.x], giving a net result of say perhaps 
+3 volts. These estimates are plotted in Fig. 1, which shows qualitatively 
how we may expect the energies of the various states to change on going from 
plane CsH, to perp. C2Hy,, also the probable correlations of the various states 
with those of CHe+CHb. 


OTHER DoUBLE-BONDED COMPOUNDS 


From Fig. 1 it will be seen that the normal state of plane C.H, should be 
stable with respect to a relative rotation of the planes of the two CHp»’s, but 
that the excited states *T’y, and 'T;, shown in Fig. 1 might be expected to ro- 
tate spontaneously into the corresponding states *I’; and 'T’y of perp. CoH. 
By applying methods similar to the above to ethylene derivatives, such as 
for example R; RoC =CRiRs, it is easily shown that they should show qualita- 
tively the same behavior as H2C =CHs itself, and should have energy level 
diagrams similar to Fig. 1. Experimentally, their lowest excited energy levels 
are apparently nearer the normal level than in CsH,, since the ultraviolet 
absorption bands of the derivatives begin at longer wave-lengths than those 
of CoH, itself, the shift increasing with the complexity of the molecule.* 

Application of the quantum theory to C=N and N=N double bonds 
along the lines used for the C=C bond indicate that they also have the struc- 
ture [+2]? [x+. ]? characteristic of the C=C bond (ef. (2)). But the bond in 
BeH, is probably more like that in Oc, giving a paramagnetic normal state, 
and has probably almost no stability toward a relative rotation of the two 
BH, groups. Details will be given in later papers. 

It is well known that derivates of ethylene, e.g., Ri: RoC =CRiRs, exist in 
two forms called cis and trans, where in the cis form the two R,’s are on the 


7 The difference between [x+x]?, 1M, and -- + [x+x][x—x], 'I'4. of plane CoH, is 
analogous to that between -: - - (x#+7)'(r—7)*, 27, and (r#+7)°(x—7)', 2E-, of Ov, unless 
possibly the electron een assigned in the latter case is wrong. In this O» case the en- 
ergy difference is 6.1 volts from v=0 of the *Z,~ to v=0 of the *2,~. Another example of the 
dominant effect of antibonding electrons is the case of H2, where the energy of (1s4 +158)’, 
1y*, is —4.4 volts compared with H+H, while for the same internuclear distance th energy of 
(1s4+1sp)(1s4 —1sp), **, is about +5 volts. he 

8 Cf. J. Stark and ao Jahrbuch der Rad. und Elek. 10, 10-188 (1913); and data 
in Int. Crit. Tables, Vol. 5. It seems likely that the “first band” of Stark corresponds ik*each 
case to a transition to Sis state analogous to the 'T,, of CoH«. (In the case of CH, itself, 
Stark’s “second band” near \2000 is probably really the “first band.”) The transition to the 
state analogous to *I'y, of C,H, is perhaps represented by weak absorption at longer wave- 
lengths, not carefully investigated by Stark. It is perhaps best not to venture an interpretation 
of Stark's second band at shorter wave-lengths, except to suggest that possibly it may belong 
to the same transition as the first band,—but more probably not. In regard to the structures 
of the “first bands,” cf. remark at end of the Fig. 1 caption. 
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same side of the z axis (C-C axis), in the trans form on opposite sides.® Usually 
both forms are stable at low temperatures, but the higher-energy form 
(usually cis) can usually be transformed into the lower-energy form (trans) 
by heating. The “energy of activation” for this process is evidently the energy 
difference between the normal state of the plane form (‘IT’), for CsHy, in Fig. 
1) and the lowest state of the perp. form (*I; of perp. C2H, in Fig. 1). Experi- 
mentally, there is evidence that this energy of activation is lower in the ethy- 
lene derivatives than is indicated by Fig. 1 for ethylene itself.® 





CORB TION BY TRANS 





> 


ABSORPTION BY CIS 





0° 90° 180° 270° 360 
(ls) (TRANS CiS) 

Fig. 2. Curves of electronic energy for a derivative of C2H4, for the normal state (lower 
curve) and (upper curve) for an excited state analogous to 'I’y, of C2H, in Fig. 1. The curves 
are of no more than qualitative significance. The cis form would probably usually correspond 
to 0°, the ¢rans form to 180°, in a figure of the type of Fig. 2. The process of absorption of ultra- 
violet light by either form is indicated by vertical arrows. After such absorption, the molecule 
performs rotational vibrations about, or rotations through, the energy maxima at 0° and 180°. 
If light is emitted, or the energy is lost in a collision, when the angle of rotation away from the 
original angular position exceeds 90°, the molecule has been transformed from cis into trans, 
or vice versa. 


INTERPRETATION OF PHOTOCHEMICAL EXPERIMENTS 


Experimentally it is well known that the absorption of ultraviolet light 
can convert cis into ¢rans forms and vice versa."® Probably the absorption car- 
ries the molecule to the singlet level analogous to 'Ty, of CoH, (Fig. 1), where 
it is unstable with respect to rotation into the perp. form.'! [Olson™ has pre- 


* Cf. E. Hiickel, Zeits. f. Physik 60, 423 (1930) for a review of the experimental evidence 
on the behavior and nature of double-bonded compounds. This includes definite evidence for 
a plane arrangement of the six atoms nearest to the double bond. 

10 R, Stoermer and collaborators. Ann. d. Chemie 342, 1 (1905); Chem. Ber. 42, 4865 
(1909); 44, 637 (1911) and later articles.® 

11 Most absorbed frequencies would give rise to strong vibrations as well as to relative rota- 
tion of the CH: groups, but this has no necessary primary effect on the cis-irans transformation 
discussed here, except for absorbed frequencies causing direct dissociation or predissociation 
of R,R2C2R:R; into CR,R2 and CR,R3. Experimentally, the ultraviolet frequencies which 
cause the cis-trans change usually do not produce much decomposition. 

2 A. R. Olson, Faraday Soc. Trans. 27, 69 (1931). 
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viously discussed the possible transformation of the cis into the trans isomer or 
vice versa by relative rotations of the CR’R” groups as a result of ultraviolet 
absorption, but did not consider the simple mechanism which the present 
theory indicates. ] The momentum of the rotation should, however, carry the 
molecule past the perp. form (90° rotation) into the form (trans or cts, as the 
case may be) opposite to that (cis or trans) in which it started (180° rotation) : 
cf. Fig. 2. If the molecule is undisturbed, many rotations or rotational 
vibrations should take place, until eventually the energy is lost by a collision 
or by radiation, or sometimes perhaps by predissociation. For any individual 
molecule which has absorbed suitable light, the chances should then be 
nearly equal of returning to the original form or of ending in the isomeric 
form. Experiments of Warburg," however, on the isomeric acids fumaric 
(trans form, higher energy) and maleic (cis form) of formula (H-C-COOH). 
show only from 3 to 12 percent conversion of either isomer into the other 
per light quantum absorbed. Quite possibly this discrepancy can be attributed 
to disturbing factors, e.g., perhaps interference by collisions before comple- 
tion of a single rotation or rotational vibration, since the experiments were 
made in water solution. 

Prolonged exposure of ethylene derivatives to ultraviolet light tends to 
set up a photochemical equilibrium. Apparently this equilibrium is usually 
such that the lower-energy isomer is changed rather completely into the 
higher-energy isomer.’ In the case of maleic and fumaric acid, equilibrium 
exists when there is about 75 percent of maleic acid; the equilibrium ratio, 
however, apparently depends on the absorbed wave-lengths. Such results can 
be readily understood in terms of the present theory. They depend somewhat 
on the relative heights of the cis and trans maxima of the excited-state curve 
in Fig. 2, but probably more, or more directly at least, on differences in the 
absorption coefficients of the two isomers, which cause one to be transformed 
more rapidly than the other. 

In conclusion, it may be remarked that the correctness of the preceding 
interpretation of the excited levels of ethylene and its derivatives, and of the 
effect of ultraviolet light on them, has not been proved. For the interpreta- 
tion depends in part on estimates of the relative positions of energy levels 
which may conceivably be wrong to a sufficient extent to upset it. The 
interpretation should, however, be capable of experimental testing, and 
might also be the subject of theoretical calculations. 


'S E. Warburg, Sitzungsber. der Preuss. Akad. der Wiss., No, 50, p. 964 (1919). 
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Production of Infrared Spectra with Electric Fields 


By E. U. Connon 


Palmer Physical Laboratory, Princeton University 
(Received July 26, 1932) 


A substance in a strong electric field acquires a new infrared spectrum owing to 
changes in the selection rules. The spectrum is governed by matrix components of 
the molecular polarizability and hence has the same intensity rules as the Raman 
effect. 


T IS well known from experience and from the theory of the Stark effect 

in atomic spectra that electric fields break down selection rules which 
apply to the atom when not in an electric field. It is natural therefore to sup- 
pose such effects might occur in molecular spectra with the consequence that 
nonpolar molecules like Hy which have no infrared absorption would become 
absorbing when placed in a strong electric field. This question is given con- 
sideration in the following paper. 

For a molecule the matter can be simply considered in terms of two prop- 
erties: the molecular polarizability and the electric moment. The former is a 
tensor a;; whose components have fixed values relative to a coordinate system 
fixed in the molecule. These values are functions of the coordinates fixing the 
nuclear configuration of the molecule. The electric moment is a vector \/; 
whose components are likewise most naturally taken in a coordinate fixed in 
the molecule and which are also functions of the nuclear coordinates of the 
molecule. The ordinary infrared spectrum of the molecule is determined by 
the matrix components of the electric moment Jc referred to axes fixed in 
space. Suppose /, 2, 3 are the unit vectors along which the axes 7=1, 2, 3 
are taken and that the orientation of these relative to an (7 7 k) system fixed 
in space is specified by Eulerian angles 0, ¢, , then, if \/.« specifies a compo- 
nent of .\/ in the new system 


M, = deiM; (1) 


(using summation convention on double indices). Since the ao; are functions 
of Euler’s angles and the ./; are functions of the internal nuclear coordinates 
these electric moment components are functions of the vibration and rota- 
tion coordinates of the nuclear motion. 

To find the infrared spectrum we have to calculate the matrix of the Me 
relative to the stationary states of the motion in the usual way. Letting /, 
m, \ be the quantum numbers of the rotational motion and writing m shortly 
for the ensemble of the vibrational motion’s quantum numbers we have, for 
the eigenfunction of the molecule’s nuclear state, 


(2, j, m, A) = Fay, m, OG,{(n, J, m, dr) ( 


Nm 
— 
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where F and G are functions of the coordinates indicated as subscripts. F 
will be the rotator eigenfunctions of the unsymmetrical top in general but 
may be in special cases the simpler ones for the symmetrical top or even, for 
straight-line molecules, for the simple rotator. We neglect complicated cases 
of coupling of rotation and vibration motions. Because of the form of (1) 
and (2) the matrix components become 


(n,j,m,| M,| n'j'm'' | = J Poin) ane G'm'n’, J Genin) a @o'j'm'n (3) 
The first factor is simply the matrix components of the direction cosines 
which transform from the rotating to the fixed coordinate system and so can 
be calculated once and for all for the various simple cases, like the simple 
rotator and the symmetrical top. The probabilities for transitions by emission 
or absorption of light are given in the usual way by the squared absolute 
magnitudes of the matrix components in (3). This is the ordinary infrared 
spectrum. 

Now let us consider the behavior of a molecule with regard to radiation 
when it is in a constant electric field of components, Ec. It now has an induced 
electric moment which we call Ps to distinguish from Jc, the permanent 
electric moment. We shall have 


P, = OerEx (4) 


where a,, represents the components of a in the fixed coordinate system. By 
the tensor transformation law we have 


Xer = Ugids jij. (5) 
The new radiative transitions which the molecule may undergo while in the 
electric field are given by the matrix components of Pes just as those in the 
absence of the field are given by the matrix of J/¢. Of course the ordinary 
infrared spectrum due to J/, will be present perhaps with very small 
shifts due to a small Stark effect shift of the levels. The levels in the field are 
altered by the amount appropriate to the energy of an induced dipole in the 
field, i.e., by —}PcEc. The level with quantum numbers (1, 7, , \) is there- 
fore altered by the appropriate diagonal matrix element of this quantity, 
(njmd |—4PocE« ‘njmd). We are not as much interested in such small shifts as 
we are in the new transition possibilities. 

The matrix components of Pc are evidently 


(njmd| P,|n'j'm'd’) = [Pimr) asa, FG'm'), J G(njmd)a;G(n'j’m'n’) - E, (6) 


The important point is that the selection rules for radiation associated with 
P. will be quite different from those for that due to M/. for they depend on 
quite different characteristics of the molecule. As far as rotation is concerned 
however we can see immediately what the selection rules are for this induced 
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spectrum in terms of those for the ordinary spectrum, because of the form of 
the part of (6) that depends on the ae;. By the rules of matrix multiplication, 


. l ba ' : is ; | i ia 
(jm | aeiaei | j’m’j’) = (jmd| ag: | jm”) G"'m"Dr” | a,;| j’m'), 


which expresses the rotational factors of the new spectrum’s matrix compo- 
nents in terms of those of the usual spectrum. 

So far as rotation levels are concerned the transitions of (jm\)—>(j’m’'X’) 
occurring in the induced spectrum will be those which are related by the 
property of each combining in the ordinary way with some third state (j”’, 
m'’,"’). For the simple rotator this leads to the rule Aj = + 2, 0 in view of the 
Aj = +1 of the usual spectrum. This is the selection rule of the Raman effect. 

This last remark has a more deep-lying significance than an accidental 
coincidence, for on looking back over the work we see that the ideas involved 
are exactly those of Placzek’s theory of the Raman effect. He calculates! the 
matrix components of the electric polarizability to get at the intensities and 
selection rules of the Raman effect. There the induced moment is due to the 
electric vector of the light wave, here it is due to the steady applied electric 
field. The induced spectrum we are describing is therefore what might be 
called the limit of the Raman effect as the frequency of the exciting light tends 
to zero. It has the same selection rules as the Raman effect. 

When the Raman effect was first discovered it was assumed that it would 
be simply the usual infrared spectrum moved up into the visible part of the 
spectrum by combination with the frequency of the scattered light. This er- 
roneous view was soon corrected by the facts and by a closer examination of 
the consequences of the Kramers-Heisenberg theory. This paper however 
points out how we can do the converse of the original view, namely put the 
Raman spectrum down into the infrared simply by letting the exciting light 
frequency tend to zero, it thus becoming an electrostatic field. 

The connection with the Raman effect seems also to give a possibility of 
estimating the possibility of obtaining the induced spectrum in the labora- 
tory. The integrated absorption coefficient over line width fady is connected 
with the number of molecules in unit volume in the lowest state NV, and the 
spontaneous transition probability As; by the relation’ 


[car = N,(c?/8rv) Ao. 


Using the relation of A2; to electric moment matrix components we have 


[ oa» = N,(82r3/3h*) (hy, ‘oc) | P|? 


1 Placzek, Zeits. f. Physik 70, 84 (1931). Actually Placzek omits consideration of the rota- 
tional motion of the molecule. The writer worked out the above formulation including rotation 
last spring and would have calculated it through in detail but for the fact that W. V. Houston 
reported this problem at the Pullman meeting of the American Physical Society. His calcula- 
tions are to be published soon according to what I have learned from his asscciate Mr. C. M. 
Lewis who is also a visitor at Massachusetts Institute of Technology this summer. 

2 Tolman, Phys. Rev. 23, 693 (1924). 
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where P is written shortly for the matrix component in question. It is known 
that easily observable absorption is obtained say in HCl with P~10-' and 
N,~10" that is with a product of the order V,P?~10". The polarizability 
of molecules is of the order 10-** cm’ and so if we use a liquid or a solid to 
make .V,;~10" cm™ and a field of 30,000 volts,em = 10? e.s.u., we can obtain 
a product .V,P?~10-~ which is still but 10~* of that in HCl. Nevertheless, 
by use of long tube lengths it might be possible to observe the induced absorp- 
tion. 

One could use a long absorption cell with long condenser plates, applying 
the field with a high-potential transformer. The alternations of the potential 
would make no difference since their only effect would be to impress the alter- 
nation frequency on the spectrum which would be negligible in spectroscopic 


units. 
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In this paper we consider the behavior of electrons with energy very large com- 
pared to their proper energy in their passage through matter, and further treat the im- 
pacts suffered by a certain type of hypothetical elementary neutral particle whose 
existence was tentatively suggested by Pauli. In the introduction we outline the 
problem and the methods to be employed, and give a summary of the formulae which 
embody our results. In Section I we develop the method suggested by Moller for the 
relativistic treatment of impacts; in (a) we apply it to the impacts of two free electrons; 
in (b) we show how it is to be applied to those impacts of a fast electron in which 
little energy is transferred to the secondary; in (c) we develop the theory of the mag- 
netic neutron, and apply Mgller’s method to the treatment of its impacts. In II we 
give the detailed calculation of the energy transfers from a fast electron to the elec- 
trons of the matter through which it is passing, and compute the range and ionizing 
power of the primary electron. In III we apply the theory of the neutron to compute 
the number and nature of its impacts. 


INTRODUCTION 


a experiments on the cosmic rays and on the penetrating radiation 
produced in the artificial disintegration of beryllium have raised again 
the question of the behavior of particles of very high energy in their passage 
through matter. Both these radiations have been shown to be extremely 
penetrating; and cloud chamber photographs have shown that both are ac- 
companied by electrons of velocity very close to that of light; in the case of 
the cosmic rays the presence of electrons of energy over 10° volts has been 
established. The range of such particles, the number and nature of the sec- 
ondary particles produced in their passage through matter can be computed 
theoretically. It has seemed to us desirable for a better understanding of the 
nature and properties of these radiations to have a more complete theoretical 
answer to these questions than is available. We shall, in this paper, be con- 
cerned with the behavior of two types of particle; chiefly we wish to study 
the electron of high energy; energy large, that is, compared with the proper 
energy mc’. But we shall also study the impacts of a certain type of neutron, 
a hypothetical elementary neutral particle carrying a magnetic moment. This 
particle necessarily has a spin and presumably satisfies the exclusion princi- 
ple; its existence was tentatively proposed by Pauli,’ on the ground that by 
its introduction certain difficulties in the theory of nuclei could be resolved, 
and on the further ground that such a particle could be described by a wave 
function which satisfies all the requirements of quantum mechanics and rela- 


1 Professor Pauli presented the considerations which led him to the introduction and defi- 
nition of the magnetic neutron at a seminar on theoretical physics in Ann Arbor in the summer 
of 1931, 
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tivity. These requirements, for instance, show that an elementary particle can 
have a magnetic but not an electric dipole moment; they do not suffice to fix 
the magnitude of the moment nor of the mass of the particle. Pauli supposed 
that such neutrons might form a third element in the building of nuclei, in 
addition to the electrons and protons; in this way one could understand the 
anomalous spin and statistics of certain nuclei, and the apparent failure of 
the conservation of energy in beta-particle disintegration. Pauli accordingly 
supposed that the mass of the neutron was not much greater than that of 
the electron, and that its magnetic moment was small compared to the Bohr 
magneton. One may, however, assume that the neutron has a mass very close 
to that of the proton, and that such neutrons are substituted for pairs of elec- 
trons and protons in certain nuclei, instead of being added to them; such neu- 
trons would help explain the anomalous spin and statistics of nuclei, although 
they would throw no light on the beta-ray disintegrations. The experimental 
evidence on the penetrating beryllium radiation suggests that neutrons of 
nearly protonic mass do exist; and since our calculations may be carried 
through without specifying the mass or magnetic moment of the neutron, 
we shall consider the most general particle which satisfies the wave equation 
proposed by Pauli. It is important to observe that there may very well be 
other types of neutral particles, which are not elementary, and to which our 
calculations do not apply; and for clarity we shall call the particle which 
satisfies Pauli’s wave equation a magnetic neutron. Certain of our results, 
such as the relatively great penetration of the particle, relatively rare im- 
pacts, and large mean energy loss per impact, characterize the behavior of 
any neutral particle. 

The collisions and range of beta-particles have been often studied theo- 
retically; and even the case in which the primary velocity of the beta-particle 
is very close to that of light has been studied by Bohr? in his classical theory 
of range. But Bohr used a classical model for the atom and the beta-particle, 
and a classical method for treating their interaction; and Bohr’s treatment 
of the close impacts involving large energy losses is even classically not free 
from ambiguity. A very complete quantum theoretical calculation has been 
made by Bethe’ for the case that the electron has a velocity not comparable 
with that of light; and our first problem in this paper is to make this calcula- 
tion relativistically, so that it may be applied to electrons of energy very 
large compared to their proper energy. 

At first sight the semi-classical method used by Gaunt* would appear 
appropriate for our purpose. Gaunt’s method is semi-classical in that, in the 
quantum mechanical expression for the probability of excitation (ionization) 
of an atom, the matrix component of the interaction energy between primary 
and atomic electrons is in part replaced by a Fourier component, replaced, 
that is, by the matrix component for the transition of the atomic electron of 
the Fourier component of the potential of the primary electron. For transi- 


2 N. Bohr, Phil. Mag. 30, 58 (1915). 
3H. Bethe, Ann. d. Physik 6, 325 (1930). 
4 J. A. Gaunt, Proc. Cam. Phil. Soc. 23, 732 (1928). 
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tions in which the primary electron has a small change of momentum, small 
energy loss and small deflection, this method constitutes a valid application 
of the correspondence principle. And this method is readily extended to high 
velocity primaries, since we have now only to take, in place of the electro- 
static potential, the Fourier component of the retarded four-vector potentials 
of the primary as a perturbation which induces transitions of the atomic elec- 
trons. The method is, however, not very elegant, even for the computation 
of the probability of small energy losses, because it gives an incorrect and 
very large probability of transitions involving small energy losses but large 
deflections, transitions to the study of which it may not legitimately be ap- 
plied. We shall, therefore, not use this method; but in §$II we shall give an 
outline of it, because it gives an illuminating insight into our formulae, and 
makes clear in a simple way the reason for the increase in ionization power 
with increasing energy of the primary. Quite recently Mller’ has given a 
beautiful method of treating the relativistic impact of two electrons. This 
method is based upon a refinement of the correspondence principle; it neg- 
lects higher powers of the interaction energy between the electrons, and the 
effect of radiative forces; but within these limits it is strict and unambiguous, 
and enables one to take account, not only of the relativistic variation of mass 
with the velocity of the electrons, but of the retardation of the forces between 
them, of the spin forces, of interchange and the exclusion principle. The 
method is applicable not only to the impacts between two free electrons, but 
to the impacts of a free and an atomic electron in which small energies are 
transferred; it is further applicable to the impact of a neutron with an elec- 
tron or proton; and it is this method which we shall use. In doing this we 
may take advantage of the fact that for energy losses very large compared to 
the ionization energy of the atomic electron we may treat both electrons as 
free; whereas for small energy losses we may neglect relativistic effects for 
the atomic electron, and, as it turns out, interchange. For extranuclear elec- 
trons there is a region of energy loss large compared to the binding energy and 
small compared to the proper energy where the two calculations merge and 
agree. For the neutron the probability of small energy losses is small, and 
the binding of an atomic electron can be largely neglected. 

In §I then we shall give an outline of Mgller’s method, and its application 
to the three calculations; intimate collisions with an electron, collisions with 
a bound electron involving small energy loss, and collisions of a neutron. We 
shall have to discuss here the limitations imposed upon the method by the 
neglect of higher powers of the interaction energy and of radiative forces. 
These points cannot be fully settled without an adequate quantum electro- 
dynamics, since they involve questions whose classical analogue is the theory 
of the structure of the electron. But we shall see that our method gives an 
upper limit to the range and a lower limit to the ionizing power; and we shall 
see further that the neglect we have made is small of the order of the fine 
structure constant. We shall have to carry the details of the calculation of the 


°C, Mller, Zeits. f. Physik 70, 786 (1931). Further L. Rosenfeld, ibid. 73, 253 (1931). 
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impact of two free electrons rather further than was done by Meller, and 
shall obtain a formula for the differential probability of a given energy loss, 
a formula which may be applied to the impact of an electron with an atomic 
electron for all energy losses large compared to the binding energy. 

In $II we shall treat impacts involving small energy losses, and compute 
the range and the number of primary ions for a beta-particle. In $III we shall 
carry through the calculations of the impacts of a magnetic neutron, and 
apply them for a few typical values of the constants characterizing the par- 
ticle. 

We shall give here a summary of certain of our results. Let the energy 
of the primary electron be 

E = emc* (1) 


and the binding energy of the second electron be 7, and the energy lost by 
the primary be E’. \We have to consider only collisions in which 
FE’ < 3[(e — 1)me2 — T] (II) 

since one particle has always at least half the initial energy (see 1.32). The 
following formulae hold for large e. 

:. 

The differential cross section for an energy loss E’>T is 

2re! dE’ E'+ E4+(E — E’) 


NS Bh -dicad (11) 
mo E” 2E°(E — E’)* 





The angle y between the trajectories of the two electrons after such an im- 
pact is given by 
y? = (2mc?/E’)(1 — E’/E). 
2. 


If the cross section for ionization of the atomic electron by a primary elec- 
tron of velocity v be 


Fion = ky(2re*/mv7Z) In mv? / kel (IVa) 
then the cross section for ionization by the fast electron of energy em?’ is 
Pion = ky(2re*/mc*!) {ln (mc?/kel) + 2 Ine}. (IVb) 


When the atomic electron was initially bound in the normal state of a hydro- 
gen-like atom, 
ki = 0.29; ke = 0.024. (1Vc) 


3. 


If the mean energy loss to the atomic electron for a primary of velocity 
vis 


5E = (41e*/mv*) In mo3/ kl (Va) 
then for a primary of large energy 


b6E = (4re*/mc*) {In mc?/k3I + (3/2) Ine + 0.22}. (Vb) 
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For an electron in the normal state of a hydrogen-like atom 
ks = 1.1, (Vc) 

4. 

When a magnetic neutron hits a charged particle, the mean energy loss 
per impact is of the same order as the maximum energy loss permitted by 
the conservation laws. If the mass of the neutron be V/, its magnetic moment 
M, its velocity small compared to that of light and its energy £, and if the 
charge and mass of the secondary be respectively e, and m=). 1/, then the 
mean energy loss of the neutron is 


bE = (7re*u?/Ol?c*)E (VIa) 
for A=1 
and bE = (lrtetu?/h*c?)AE (VIb) 


for \X1. Further details and other cases of impacts of the magnetic neutron 
are treated in §IIT. 

Norte: After the completion of this work, a very interesting paper® of Heisenberg has come 
to hand. Heisenberg is concerned with the problem of the nature of cosmic rays; and he de- 
rives theoretical formulae for the range of high speed particles with which to compare the ex- 
perimental findings. Heisenberg’s formula for the range of a fast electron differs only very 
slightly from that which we have found (Vb); we do not believe that the application of our 
formulae would lead to sensibly different conclusions. Note added in proof: An outline of a 
derivation of a formula for the energy loss of a fast electron, by a method also based on 


Méller’s and altogether similar to that used by us in II, has been given in a recent paper 
of Bethe (Zeits. f. Physik, 76, 283 (1932)). 


I. RELATIVISTIC THEORY OF IMPACTS 


The method which Mgller proposed for the relativistic treatment of im- 
pacts is a generalization of two familiar elementary methods; the nonrela- 
tivistic collision theory of the quantum mechanics, and the theory of the 
transitions induced in a quantum mechanical system by a known electro- 
magnetic field. According to the nonrelativistic quantum mechanics, we can 
write down the interaction energy V of the two particles which are colliding 
as a function of the coordinates (and in some cases momenta) of the particles; 
for two electrons this energy is just the electrostatic interaction energy. We 
can further specify the stationary states of the non-interacting particles by 
certain quantum numbers r, p, e.g., the components of momenta of the two 
particles. In the matrix scheme in which these quantum numbers are diagonal 
there will be a matrix V,,°’ which corresponds to the interaction energy. 
Then with neglect of higher powers of the interaction energy, and with suit- 
able normalization, the transition probability for a transition in which the 
one particle changes its state from s—r and the other from ¢—p will be given 
by 

P,.°° = (44?/h) | V,.° |? 5(E, + E, — E, — E,). (1.1) 


6 W. Heisenberg, Ann. d. Physik [5,] 13, 430 (1932). 
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(The energy of a particle in state r is written E,; and 6(x) is the delta func- 
tion.) Further, when we know the wave functions for the particles in their 
non-interacting stationary states 


VY, = use! 


Qrijh)-Exst 
Wo = Uge'—2tt/h) -Egt 


we can compute the matrix V,,°7: 


Vn = | f aeae'aa, Van’, (1.3) 


(Integral over configuration space r, r’ of two particles.) Now when we are 
dealing with particles whose velocity is close to that of light, we must of 
course use relativisitic wave functions to characterize their stationary states; 
there is no difficulty in doing this. For the electron we must use solutions of 
Dirac’s wave equation; for the neutron we may use solutions of the wave 
equation given by Pauli. But the function V no longer exists, since one can- 
not, when the retardation of the forces is taken into account, express the 
interaction energy as a function of the coordinates and momenta alone. What 
then, in the relativistic theory, should replace the matrix element V,,°%? 

We can answer this question if we consider first the perturbation induced 
in a quantum mechanical system by a given electromagnetic field. Let the 


four-vector potential of the field be @,(x, y, 3, ); u4=1- - - 4, and the charge 
and current density vector of the system be 

Je = yj. (1.4) 
Then . 

V = — 1/cd,j (1.5) 


is the operator representing the interaction energy of field and system. We 
resolve this operator in a Fourier integral 


V = [ve 2rivtdy, V, = (— 1/cj#) [ erode (1.6) 


To V, there now corresponds a matrix in the scheme of the stationary states 
without field 


Vier = [wv omade. (1.7) 


Here, again neglecting higher powers of the interaction energy, we find for 
the transition probability 


4n*/h| Vi" |? 5(E, — Ep — hv). (1.8) 


Now when the field ¢, is produced by a particle of known trajectory, a tra- 
jectory uninfluenced by the reaction of the system upon it, we express the 
potentials in terms of the retarded charge and current density J” of this 
particle: 
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[J’*] ; 
g*(r, t) = (1/c) fe —t—rer=|r—F'|. (1.9) 
r 
Then 


V,=(-1, “) [ ae i f rrereiat (epee (1.10) 


and the transition probability op is given by 


(4n2/h) | V," |? 6(E, — E, — hy) 


e2turie 
Vier = (— 1/c?*) f fecaeal i f reereas| Ug. (1.11) 
r 


This at once suggests that, when the trajectory of the particle is influenced 
by the reaction of the system, so that the state of the particle also changes as 


with 


a result of the interaction, we replace the Fourier component of the retarded 
potentials of the particle by the matrix component corresponding to the transi- 
tion in question. Thus if again 


J's = vj“ 
Wr = u,peO—2ri/ hE rt 
are the wave functions for the stationary states of the particle, we have to 


replace [J'e*'"'dt by i,ju, with E,—E,=hy. 
This gives 


P,o° = (4n2/h) | Vial? |25(E, + E, — Ex — Ex) 
Vrs’? = (— 1/c?) If aeae'anay'jte 2ri/he)(Eo—Er) ry,’ /r, 


This reduces to (1.3) when retardation may be neglected and the velocity 
of the particles is small compared to that of light; it reduces to (1.11) when 
the reaction of the system on the particle may be neglected. 

This is the formula proposed by Mller.’ Although the derivation of the 
formula distinguishes between the system and the particle, the result which 
we obtain for V,,°’ when we reverse the roles of the two 


(— 1/c?) ae aga,rje,teresrece E,)'u,'u,/r. 


gives the same transition probability, and the same matrix to represent the 


(1.12) 


interaction energy. 

We are thus led to consider the interaction energy represented by the 
matrix (1.12), V-.°’. One might at first suppose that by the use of this expres- 
sion for the energy, and the higher approximations of the method of variation 
of constants by which the transition probabilities may be computed, one 
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could obtain a strict expression for these transition probabilities. This is not 
so, however, because in the derivation of (1.12) the reaction of each particle 
to its own field had been neglected; this reaction should be taken into ac- 
count in any strict theory, and its omission makes the higher approximations 
—involving higher powers of the charge or moment of the particles, invalid. 
Thus (1.12) gives no account of collisions between the particles in which ra- 
diation is emitted; but we know that such transitions will in fact occur. Their 
relative frequency, frequency relative to the transitions in which no radiation 
is emitted, is known to be of the order 


a(é/c)? (1.13) 


where a is the fine structure constant, and 3 the mean velocity of the charges. 
This probability can thus be neglected when one of the particles moves with 
a velocity small compared to light; even when this is not so, radiative pro- 
cesses are presumably relatively rare because of the smallness of a. We shall 
see that in our theory of the impact of a high velocity electron upon matter 
the impacts in which very little energy is lost are the only ones of importance. 
But in these impacts the secondary electron has very low velocities, so that 
we know that radiative processes cannot be important in these impacts. For 
this reason the results we obtain with neglect of radiative forces furnish a 
lower limit to the ionizing power and energy loss of the fast electron. On the 
other hand the formulae derived from (1.12) for impacts in which large en- 
ergics are transferred may be seriously in error; this error is at least of the 
order a. 

When the two colliding particles are electrons, (1.12) must be modified 
to take account of interchange and the exclusion principle. When the inter- 
action energy matrix corresponds to an operator in configuration space, it is 
known that this may be done by writing for the interaction energy 


3 po V re 8," G,*Qelle (1 . 14 


r,8 pw 
and by treating the a’s as dynamical variables which satisfy 


a,Q¢ a aga, = 0 
Aytdg + AeQ,* = Soe} a (1.15) 

a,tdet + a,ta,* =0. 
The order of the a’s has been so chosen that the interaction of each particle 
with its own field has been eliminated. Now although V,,,°’ corresponds to no 
operator in configuration space, and there is no wave equation in the con- 
figuration space of the two particles with which to compare our results, we 
still take (1.14) to represent the interaction energy. Since each a,* corre- 
sponds to a transition in which a particle enters the state 7, and each a, to 
one in which a particle leaves the state 7, there are now four terms in this 
sum which give rise to a transition in which the two particles go from the 
states s and o tor and p. Because of the symmetry of V,,°’, these four terms 

are equal in pairs; for the transition probability we find, in place of (1.12) 


P,.?? = (40?/h) | Vi!* — Vro?* |26(E, + E, — E, — E,). (1.16) 
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In dealing with the impacts of a fast electron on an atom, it is easy to see 
that when the energy transferred to the atomic electron is small the inter- 
change terms in (1.16) are negligible; for such impacts we may use (1.12) in 
place of (1.16). 

We have now to apply these formulae to the three cases: (a) Impacts of 
two free electrons. (b) Impacts of a fast electron with an atomic electron, in 
which little energy is given to the secondary. (c) Impacts of a neutron with 
an electron or proton. 

(a) High velocity impacts of free electrons 

To apply (1.16) to the impacts of two free electrons we have to write down 
explicitly the wave functions for the stationary states of the free electrons 
and the expressions for the matrix components of the charge and current 
vector. The states of each electron we may specify by giving the components 
of momentum 


p™ = (p., py, p.); p® = (ps, py, ps) 


and the component of spin o@, ¢® of each electron in the z direction. (We 
exclude states of negative energy; and to the approximation here considered 
this causes no ambiguity.) For each of the electrons we take the wave func- 
tions to be solutions of the equations 


(4, 2i)(0/dt) + (he/2ri)(a grad) — aomc?|p = 0 (1.17) 


in which for each electron we take the a's in the familiar form 


( 0 0) i) 1 0 0 0-1 \ 


0 0 1 0 0 0 t Q 
a, = ; ay = : ; 
0 1 0) 0 0 —: 0 0 
1 0) 0 Q) 1 Q 0 0 
(1.18) 
0 0 1 Q 1 0 Q 0 \ 
69 © © «3 oO 1 OO O| 
a, = : ag = 
1 0 Q 0 Q 0-1 QO | 
0-1 0 0 0 0) 0-1 ) 
The solutions of these equations we write in the form 
V po? = A pie there ~E¢] (1 ° 19) 


with 
E = c(m*c? + p?)'/? 
and with the a,,’ functions of (p, 7). For an electron initially at rest we take 


for the a’: 


(1.20) 
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These states will be characterized by an index (0). Thus 


gE“ 


p™ = 0, = mc*; o = + 1; etc. 


This wave function represents a uniform electron density of one electron per 
unit volume. For an electron moving in the s direction we take 


¢=+1 ¢=-—1 
dg = dy, Q ad; = a3 = VU 
; (1.21) 
a,= — Vp. g a2= Np: g 
a3 = N a,g=N 
where 
g=mc+E/c 
and 


N? = 2g (FE? — m?c*)'2, 


These states will be characterized by a superscript (7). This wave function is 
normalized to represent a stream of unit flux, so that the transition probabili- 
ties computed from it will give directly the cross section for scattering. 

We may without loss of generality suppose that after impact both elec- 
trons are moving in the xs plane, since, as we shall see, momentum is con- 


served in the impact. For such an electron 


we take 


¢c=+1 ¢=-—1 
a, = — Np./g a, = — Np:/g 
dg = — Np./g a2 = Np:/g (1.22) 
a3=N a3 = 0 
ad, =0 a,= N 
where 
g=mc+ E/c 
and 


— gc/2Eh’. 


These states will be characterized by superscripts (1) and (2). This wave 


function is normalized to dp, dp, dp. =dp. We shall need the Jacobian 


I® = A(pe™, py, ps) /AE® + E® 9 6) 


where, by the conservation of momentum, 
E®(p®) = E®(p — p), 
We find 
2mpVEVE® sin gy 


S(8) wn 


me(1 + cos? g¥) + E sin? gy 
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Note: There is at this point in Mgller’s paper an error, in that Mgller uses in 
place of j! 
j" _ O(p," Py" Pe" ) o( EG ot go" ). 


Now J'#J, because by the conservation laws E® depends on p™. It 
is J” that we must use to take out the 6(E +E) —(E®+E®) in (1.16). 
We are indebted to Dr. Heisenberg for tellung us that Mgller had found an 
error at this point in his paper. 

Further the charge density is given by 


4 
e > pip (1.24) 
fant 
and the current density by 
ec > Wiajkp*. (1.25) 
7k 


If we put these expressions in (1.16), we find for the transition probability 
from the intial states [(1.20) and (1.21) ] of the two electrons to states 


9 9 
Pp, go), pc” 


such that 
EX + FO = FO + El 


the expression 


| 2 
4heety | 4] 2 | J deersrnctnio-p0>-01-0) dpdgMdo™ (1. 26) 
| | 


A;,i°Ae,0° — (A1,i: A2,o) 


) cans: spsmereeneseniaeenejeemsiantalpieaceenmmnpeeaneiianeinnas 
|p - p™ | D cm (1, C)(E& — Ea | 2 


A1,0°A2,i° — (A1,0° As, i) 


|p ai p®| 2— (1/c2)(E® — E®)? 





Here 
4 
A, = Dd ai(p™ 6) ai(p , (9), 
j=1 
4 
Aro = uai(p, o)ajka*(p, 0). 
i,k=1 
Now 


] }2 
Q = lim | f dre doto-10-p91-0 | Vo(p — p? — p®). (1.28) 
V—+20 V | 


Thus momentum as well as energy are conserved, and we may set 


3) = [? (1) 
p* =p p™. 
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Further if we divide (1.27) by V we get the cross section for impact with a 
single electron at rest. In (1.27) we have to consider all the possible orienta- 
tions of spin of the two electrons in initial and final states: to take one fourth 
the sum of (1.27) over the sixteen combinations of values of ¢°°, 0°, a0, @%. 
The resulting cross section can be expressed as a function of € and J, the 
angle of deflection of one of the electrons; it is independent of the azimuth 
of deflection of this electron; and all the components of momentum are de- 
termined by the conservation laws when J and @ are given for one electron. 
Before carrying out this reduction we may make a few observations on the 
geometry of the impact. 

According to the conservation laws, if the two electrons after impact have 
direction of motion making the angles J, 32 with the s axis, 


Pp? sind; = p® sin de. (1.30) 


Further, the energy of a particle coming off at an angle? is 


2e—(e—1)8* a = cos@; 


E’ = mc? (1.31 


2+ (e — 1)8° p = sing: 
and the absolute value of its momentum is mc[2a(e@—1)'?| [2+(e—1)8?]. 
Thus the particle with the smaller energy always comes off at a larger angle; 
when the energy is shared equally the two particles come off at the same 
angle #,, such that 
| 


sin?0,, = 2/(e + 3). (1.32) 


In general the angle y between the particles is 


tgy = [2 + (e — 1)8?]/[(e — 1) ag] (1.33 
which reduces to 
vy? = (2mc?/E')(1 — EE) (1.34) 


for large e. [Here E’ is the smaller of the two energies E™, E®.] In no im- 
pact do both electrons come off at an angle larger than ,,; and since (0. 7) 
gives the probability that an electron come off at an angle 3, and the other 
at the corresponding angle determined by (1.30), we have only to consider 
impacts in which 3 Sd,,; impacts in which J >#,, will be the same impacts 
as those for which 3 <#,,, but in which the angle 3 refers to the slower and 
not the faster of the two electrons. 

We should note that by (1.34) the angle between the electrons grows small- 
er as the both the primary energy and the energy transferred grow large 
compared to the proper energy. This point is of some importance in connec- 
tion with the interpretation of cloud chamber experiments, since it leads us 
to expect that very high energy secondary electrons produced by elastic im- 
pact with high energy primaries will come off nearly parallel to the direction 
of the primary. 

We shall let then? be the angle which the faster of the two secondary elec- 
trons, for which we use (1), makes with the primary direction, Further we 
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shall write a=cos J), 8=sin 3, g=(e—1)6". Then the conservation laws give 
us the relations 


p,” = — pp, = | (e? — 1)'/22as (2 + g) |me 
p = (6? — 1)'/2mc 
p. = [2a%e® — 1)'/2/(2 + g) |me 


pe? = [(e& — 1)! + 1)82/(2 + g) |e 


p’? — pp *- (1/ey\(EX — E®)? = [2(e — 1)82/(2 + g) |mic? 
pp’) — p® 2? - (1/e)(E® — E®)? = [4e — 1)a?/(2 + gq) mic? 
gg) = dmc g? = [(4 + (e + 3)g)/(2 + q) |me 
gg’? = (e + 1)me p™ = [la(e? — 1)"2/(2 + q)]me (1.35) 
gil [e+ 1)/(2+ q) |me E® = [(2e — q) (2 + q) |me?. 
Thus we get for the differential cross section, 
on mei (e+ 1)*a oT eT ey. > Lic) 7 M (oe)? (1.36) 
m*c* 2(e — 1)? (2+ q)° oe o() gto) i(e + 1)8? 2a®* | 


Here each of the L(o), ./(¢) refers to a different one of the sixteen possible 
orientations of electron spin; L(¢) is the direct term, ./(¢) the interchange 
term. The Z and VJ can be tabulated as a function of € and 3. We write 


y = (e— 1)/(e+ 1); S*' = 4+ (e — 1)(e + 3)8?; 


a o\! a Lic) Mic) 


ae i rica 
1+ ya? —(1+2?)(e—1) 87S |} 1L—ya?+(@—1)p'S 
- - + 1 + ya? + (€—1)[4a23? 
a — + (1+ 0°) (e+1)87|S | —2ya?| 1 +3a?+¢3?|S 
—-|+)/ +/+ 
+ — - + 2a@3(e—1)(2+q)S + 2a Zyl 2(e4-2)a? + (e+1)29?)S 
+ -. +. - | 
4 2a3(e—1)(14+e2)S | +> 2la3gS 
(1.37) 
- abe - | 
+ 4+ + + $a5B3yS + 2a3y| 2a? +-(e+1)p?)S 
+ + + 
4+ ie a : } yae,3( 1 +¢3?)S | } 2 yag 4a? +(e+1*)p?|S 
+|/+|-|- | 
— + + 2a°gS | Jars 
- + = + | 
+i) —|+ - —2g(1 +e3*)S |} 1—ya?+gl4a?+(e+1)p?)S 


For large € the last six contribute nothing to the cross section; the first four 
are important for energy losses not large compared to the proper energy; 
the next four are important for all energy losses comparable with the proper 
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energy; the next two are important only for energy losses comparable with 
the primary energy. From (1.35) the energy transferred is 


E’ = me*(e + 1)g/2 + gq. (1.38) 
We must consider only impacts for which 
6<0,, EB’ = de — 1)-me?. (1.39) 
For these the differential cross section is given by 


wet dE’ EX + E44 + (E — E')! 
odE! = —— .- _ —. 


————— (1.40) 
me Ek” 2E(E — E')P 


This concludes our study of the impacts in which large energies are trans- 
ferred. Certain further calculation by this method, primarily for the case of 
smaller €, were given’ by Mgller; and there, too, the connection between cer- 
tain results of this calculation with earlier attempts at the calculation of 
impacts were given. One point we may mention here: when € is not large, we 
may use Rutherford’s formula to give us the differential cross section for en- 
ergy loss,—or rather the nonrelativistic quantum mechanically extension of 
Rutherford’s formula which takes account of interchange and the exclusion 
principle. This gives, for E’<E, 


odE! 2 2retdE'/EE”. (1.41) 


This agrees with our result for energy losses small compared to the proper 
energy; but for larger energy transfers it gives too large a cross section. When 
higher powers of the interaction energy are not neglected, terms of the order 
of the fine structure constant must be added to (1.40). In the case of the 
nonrelativistic calculation (1.41) these are only of importance when £’ is 
of the same order as E; and presumably, although not certainly, these terms 
will not be of importance for large € except in this case E’~E. 


(b) Small energy transfers to bound electrons 

We have now to consider the case that a primary electron of very large 
energy gives to a secondary which was originally bound in an atom an energy 
not comparable to its proper energy. The states for the primary electron are 
still given by (1.21) and (1.22); but certain simplifications are introduced 
even here by the fact that the energy of the primary changes very little. For 
practically all such impacts involve a very small deflection for the primary; 
and in their treatment it is legitimate to neglect quantities which are small 
when the primary momentum changes by a relatively very small amount. 
With this understanding we see that only the matrix components of the 
charge and current of the primary in which the spin of the primary does not 
change are important, and that these are independent of the original orienta- 
tion of the primary spin, which we may thus take parallel to z. (Case ¢= +1). 
Further the components of current, and thus of vector potential, in the xy 
plane, are negligible. We have to consider only the scalar potential and the z 
component of the vector potential of the primary. 
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There are two further simplifications. In the first place interchange is 
negligible (interchange terms are important in general only when the energy 
transferred in of the order of the primary energy); we may thus use (1.12) 
in place of (1.16). In the second place the secondary electron never gets a 
velocity comparable with that of light, so that for it we may use nonrelativis- 
tic wave functions and expressions for charge and current density; and we 
may neglect the spin of this electron. On the other hand we may not use wave 
functions which neglect the binding of the atomic electron, and must replace 
for it (1.19) and (1.21). Let the initial energy and wave function of the elec- 
tron be 

EM = — J; Yo = e@rilniltyy, (1.42) 


After the impact the atomic electron may be excited or ionized. Let the corre- 
sponding energies and wave functions be 
Ent; Var = Pt Enity, »: 
E, VEI 
where / stands for the two other quantum numbers in addition to the energy, 
necessary in the most general case to specify the state of the electron. Further 


let the continuous wave functions for energies above the ionizing potential 
be normalized in the energy scale. 


(1.43) 


e| Qrish Ete; 


The expressions for the charge and current density are then simply 
p= ew 
J = (e/2m)|(h/2ri)(¥ grad y — y grad p) (1.44) 
— (2e/c)PAW| ~ (eh/2rim)yp grad y. 


The terms in the vector potential A are of higher order in the interaction 
energy and may be dropped. 

If as before we let the primary electron be deflected in the plane, and call 
the angles of deflection again 3, ¢, we get from (1.12) for the probability of 
excitation to a state n, /: 


4re' at ual 
Cnt = he dpdg¢J\ | Vywn'| ? y= 1 oe 
nic 


V,o" = Jf aesdrataur) exp {2ri/h[([p@ — p™]-r,) 


— (1/c)(E® — E™)r} [1 — h/2xime(d/dze)/r]}uo(r2) 


(1.45) 


and for the probability of ionization to a state of energy in the range dE 


41r2e4 
opdE = -— dE Jf oar Da V wet] 2. 
7c 


e 
To get the total probability of excitation or ionization these expressions must 
be summed over 7, /; to get the energy loss per impact they must be multi- 
plied by 
EF=Ent+I, E'=E+I1 (1.47) 
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and summed over /, summed and integrated over 1 and £. In the next section 
we shall evaluate these expressions as far as possible when we leave the atomic 
wave functions arbitrary; and we shall evaluate them in detail for the case 
that the wave functions are those of a hydrogen like atom. From them we 
shall find, for the differential cross section for an energy loss E’ large com- 
pared to the ionizing energy J, 


od E! = lretdE'/mek”? 


in agreement with (1.40); but for smaller energy losses we shall obtain results 
which differ very markedly from those given by (1.40). 


(c) Theory of magnetic neutron 

For the impacts of a neutron with a free electron we have again to use 
(1.12). Here the wave function for the electron before impact is given by 
(1.29); that after impact by (1.22); and the charge and current density of the 
electron by (1.24-5). We have only to find the matrix components of the 
charge and current density of the neutron. 

The wave equation proposed by Pauli! for the magnetic neutron is simply 
related to the Dirac equation for the electron. In the absence of a field this 
latter may be written 

ly“p. — imc] = 0; ps = (— h/2ri)(0/AL); po = (h/2ri)(4/dx)); 
(1.48) 
1 =1,2,3 
where the y* satisfy 
vy + y'y* = By. (1.49) 


In the absence of a field this equation is to hold for the magnetic neutron, 
except that the neutron’s mass J must be substituted for that of the electron. 
In the presence of a field new terms are to be added to the wave equation: 


[ypu — iMc + Plo = 0; P = ko F,,. (1.50) 


Here F,, is the field tensor, 
ra py <- fF 


and « isa constant which is related to the magnetic moment u of the neutron: 
kK = p/4te. (1.51) 


These terms are not altogether arbitrary. Thus o” must be an antisymmetric 
tensor; it may not involve the coordinates nor powers of the momenta higher 
than the first. Thus (1.50) turns out to be the only hermitian not identically 
vanishing possibility which involves the field strengths linearly. The fact 
that x is real is required by the hermiticity of the term; otherwise one could 
not interpret the wave function of a particle which was conserved. The sign of 
the term is arbitrary, and determines whether the magnetic moment of the 
neutron is parallel or antiparallel to its spin. 

From (1.50) one may deduce two conservations laws. One asserts that 
the divergence of the four vector 


s4# = gy" (1.52) 
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vanishes, and gives the conservation law for the neutron density. The other 

OJ*/dx* = 0; J* = (— p/2)(0/0) x’(dto*’o) (1.53) 
gives, as we shall show, the conservation of the charge and current vector. 
The two four vectors-particle density and flux, charge and current density, 
do not, as in the case of the electron, differ merely by a constant factor. 

The first justification for calling uw the magnetic moment of the neutron 
we obtain if we reduce (1.50) for the case of velocities small compared to that 
of light. We find then that the neutron is described by a two-component wave 
function which satisfies 


[(h 2ri)(0/dt)— h?/8r?MA + u(H-c) | = (), (1.54) 


Here the a's are the Pauli spin matrices 


(° ') (?~') (! ”) 
G. = 5 Oy = >; s = eo We 
1 0 . i 0 «4 \ 


and H the magnetic field. This is just what we should expect for the wave 
equation of a neutral particle carrying a spin and a magnetic moment uy. 


4t 
Jt 


A further justification for calling w the magnetic moment of the neutron 
we can obtain by showing that 


J* = (— p/2)(0/dx") (oto) (1.56) 


does correspond to the charge and current vector. For if we calculate the 
potentials and field strengths of a wave packet moving with low velocity by 
using (1.53) for the charge and current vector, we get just the field we should 
expect for the neutron of magnetic moment. Here as in the case of the electron 
the components of momentum do not completely specify the state; we need 
also to specify the orientation of the spin; and by doing this we determine the 
orientation of the field-producing magnetic moment. 

We can verify that (1.53) is right in the following way. The wave equa- 
tion (1.50) and its adjoint equation may be obtained by variation of ¢* and @ 
in the Lagrangian. 


L= faves [y“p, — iMc + xoF,, |¢. (1.57) 
If we add to (1.54) the Lagrangian of the empty electromagnetic field, 

(1/ 16r) | dVEF,, (1.58) 
and in this vary, precisely as in the familiar case of the electron, the poten- 
tials, we get in place of Maxwell’s equations for the empty field 

a /ax’ = 4nJ* (1.59) 


with J* given by (1.53). Thus, as far as the field produced by the neutron is 
concerned, J* given by (1.53) acts like the charge and current density. It is 
a four vector, and its divergence vanishes. 
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It is convenient to rewrite the Eqs. (1.50) in the form corresponding to 
(1.17). Thus for the free neutron (no field), we get 


[(h/2i)(0/8l) + (he/2ri)(a-grad) — aMc?ly = 0 (1.60) 
where the a’s are given by (1.18), if we take 
vy! = ao; y' = tagar; @ = iaw. (1.61) 
The density current four vector then becomes 
VW, opay. (1.62) 


The neutron density is, as it must be, essentially non-negative. The terms 
corresponding to P in (1.50) then become 


— taxol’, (1.63) 
and the charge and current vector is given by 
J* = — pd, Ox (prep). (1.64) 


Here the four row matrices Y*” are given in terms of the Pauli spin matrices 


(1.55) by 
( Q is) ) 
rts —rts= 
— is; O 
— Sm 0 
rk — «= ik = ( ). 
0 Sm 


Here (&, /, m) are a cyclic permutation of (1, 2, 3). This expression must 
be used in (1.12) to compute cross sections for impacts. For the states of the 
free neutron we may again use the wave functions (1.20) and (1.21). In place 
of (1.27) we find 


(1.65) 


16r*he J | BP2OdpagPdo™ (1.66) 
where Q is given by (1.28) and where now 


B Ag .o°T1,i4 + (A2,0T1,i) (1.67) 
SS 67 
| p _— p™| _ 1/c(E@ on E)3 : 


Here the A’s are given by (1.27) and the 7s are defined 


1, ,* = doa"(p™, oY) a*(pMaM)Apy i” 
ik 
weil. (1.68) 
Apiit = — (1/c)(E — E®), 


As before 0 V6(p® —p™ —p®), 
We can write the cross section for a particular set of spin orientations 


16r*he uJ | B(a) |2da“de™, (1.69) 
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As before we must take, to find the differential cross section, one fourth the 
sum of these expressions over all sixteen orientations of initial and final spins: 


+ 


ododd = 4nr*hetp®J > | B(a) | *dédo. (1.70) 


(i) _() (0) (2) 
o a g oo 


The quantities 7 occurring here may be tabulated in terms of the initial and 
and final momenta and energy of the neutron. If for brevity we write 


p. =f: p.© — ry’: pi? _ t’; 


(1.71) 
Greg gMeg; Serer; -e-f£; 
then we find for the 7’s the following values: 
a | g® | Ta Ty 
+ + 2 , ; ° , , | — , , , , , , | 
okt leet tAr(rp’/gg')+iAgp’/g | + p'(1—rr'/gg') t+ Arp’/gg’ + Agp'/g | 
ow tex | awe —_ | (+rp” ge’) +Ar(1+rr’/ge’) 
|= | +] tarrp’/ge’tidg((r/g)+r’/e’) | +Ag((r'g)+r’/e’) 1.72 
I——| |———_—____—__—— —|— - —_—_—_— (1.72) 
| of | gf | T: | T’ | 
’ - ” — ™ - 7 = _ = - . - : * ' - - - . —_ = | 
+/+]. | 
— | — | (-—ip"r/gg’) —iAg((r/g) —r’/g’) (—ip’?/g’)+7Ar((r/g) —r'/g’) 
7 a: leoumamalaaaiiaa maaan scandent , 
- + 14 


+ip’(1+rr’ ‘ge’ 


iAgp’ ‘g' tip'(r/g)+r'/g') FtArp’ ‘g’ 


It is not possible, without knowing the mass of the neutron, to reduce these 
expressions further. We shall, therefore, postpone until $III the discussion 
of these formulae. There, too, we shall make such elementary investigations 
of the effect of the binding of the electron as are necessary to our purpose. 
Before proceeding to the furthér application of this method of Mller, 
we wish again to emphasize the approximate character of the method. We 
have throughout neglected two things: the reaction of the particles to their 
own field, and all radiative processes; and higher order terms in the interac- 
tion of the two particles. In the case of the electron, both these neglects 
mean the omission of terms of the order of the fine structure constant, terms 
which are genuinely small unless both particles involved are moving with 
velocities comparable to light. Just what effect these terms could have on the 
things in which we are most interested—range and ionizing power of the pri- 
mary, energy distribution of the secondaries—we shall discuss when we have 
our results before us. But the formula (1.40), which is derived with neglect 
of these terms, is subject to grave doubt, since we have no assurance that 
terms of the form ea will not appear, and no physical assurance that in the 
intimate collision of two electrons this approximate method can be legit- 
imately employed. It seems at present by far the soundest method available, 
and perhaps experiment can show in what measure it is inadequate. The fur- 
ther study of impacts involving neutrons, a study which should not neglect 
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higher powers of the interaction energy, presents even in the nonrelativistic 
case serious analytic complications; and we have not thought it advisable to 
attempt these without some more certain information about the characteris- 
tic constants, in particular the moment, of this hypothetical particle. 


II. IONIZING POWER AND RANGE OF FAST ELECTRONS 


We must now consider in detail the small energy losses suffered by a fast 
electron in its impacts with an atom. Just as in the nonrelativistic theory, if 
we neglect the binding of the atomic electron we find an infinite probability 
for small energy losses; and just as in the nonrelativistic treatment the proper 
consideration of the binding gives us a finite probability of energy loss and a 
finite range. 

Before using our formula (1.46) to study these impacts we may outline 
briefly the semiclassical method of treating this same problem. This method, 
it will be remembered, is valid only for such impacts as involve small energy 
loss and small deflection of the primary; in this method we treat the primary 
particle classically, neglect the reaction of the atom upon it, and use the field 
calculated for this undeflected trajectory as a perturbation causing transition 
of the atomic electron. If we choose our coordinates so that the particle passes 
along the s-axis, and goes through the origin at ¢=0, then the field of the par- 
ticle is given by the potentials 


A, = A, = QO: A, = (eve c) [x + v fp e(s - ot)?] , 2. 
ce[x? + y? + &(s — of)*]-2; 


@ 
where v is the velocity of the particle and 


9 


1/e = (1 — 97/c?)"/2, 


The probability of a transition of the atomic electron in which its energy 
changes by £’ is determined by the Fourier component of this field of fre- 
quency v'’=E’/h. We therefore analyze the potentials by a Fourier integral: 


4) 
A, = (4e of K o(2avp/ev) cos 2rv(t — s/v)dv 
0 
2 (2 me) 
o@ = (de of K o(2rvp/ev) cos 2rv(t — s/v)dv 
0 
where Ko is the Hankel function: 
; * cos Add 
K((é) = Pog pg and p = (x? + y?)!/2, 
0 (A- + 9 ade 
The perturbation energy for the atomic electron is given by 
V = e — (1/c)Aj. (2.3) 


where j is the current operator which, to a sufficient approximation, is given 
by (1.44): 7. = (he/2rmi)0/dz. Thus the transition probability for an atomic 
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transition n—n’ in which the energy of the atom changes by E’=E,,—E, 
=/hy’ is just 


Pan’ = (427/ h?) fe. (2e? v)Ko(2av'p ev)e27 "= l1—(ho 2rimc*)d ds|u,dr (2.4) 


where the «’s are the wave amplitudes for the atomic electron. The nonrela- 
tivistic expression is 


47? 2e? (2rv'p ay 3 - 
P,.,' = is ti,’ —Kog — Jerri /ty dr|- (2.5) 
1? v v 


Now for distant collisions, to which alone this method may be legitimately 
applied, we may expand the potentials about the position of the nucleus of 
the atom, which we take to be on the y axis at a distance from the track, 
and consider only the first two terms of the expansion, i.e., the dipole moment 
of the atom. If we let the y-component of the displacement of the electron 
from the center of the atom be ¢ then we find 


Pran'(p) = (16m*%e*/h?v?) | Fan’ | 21K '(2rv'p ve) |? (2.6) 
where K’(£) =0Ko(£) /dE and ¢,,,” = fit, tu,dr. The nonrelativistic formula is® 
Pun'(p) = (16r2e*/ hv?) | Sun’) 2] K’(2av’p/v) ]?. (2.7) 


Thus in this calculation the effect of retardation is to introduce p/€ in place 
of pin the argument of K’. Since K’ is a rapidly decreasing function 

K’(é) ~ 1/é for E> 0, 
(2.8) 

K'(é) ~ — (9/2)! e- for (£) — », a 
this means that for a given transition and a given position of the atom the 
probability of a given energy loss is increased by considering retardation; 
energy losses occur at greater and greater distances from the track as the 
velocity of the primary approaches more and more closely that of light.\We 
are, therefore, led to expect a greater number of low velocity secondaries 
than we should find from an extrapolation of the nonrelativistic formula; 
and this is just what we shall find. It is an immediate consequence of the flat- 
tening out of the field of the electron in the equatorial plane. 

As the position of the atom approaches the track, p—0, and the total 
number of transitions becomes infinite. For these intimate collisions the ex- 
pansion of the potentials about p and the assumption that the track is unde- 
flected are both illegitimate. There are a number of ways in which, for small 
energy losses, we might try to modify the calculation of these close impacts, 
in such a way that the integral over p converges and gives a finite result. Per- 
haps the simplest is to stop the integration at a point p where, according to 
(2.6), the probability of inelastic impact is unity. This point turns out to be, 
for a hydrogen-like electron, of the order of the Compton wave-length divided 
by the effective nuclear charge s: 


Pp = 1.4h/ 2emes ~ hj dame. (2.9) 
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This procedure gives for the mean energy loss due to small energy transfer, 
small compared to the proper energy, 


6E = (4re*/mc*) In (mc*e/W) (2.10) 


where W is of the order of the ionizing potential J, and for a hydrogen like 
atom is W’=3.0 J. This result is in remarkable agreement with that which 
we shall obtain by our strict calculations with the help of (1.46); and it is 
of some interest to inquire into the ground for this. The answer is very simple. 
We shall see that in our strict calculations (2.6) is right for distant impacts, 
impacts, that is, in which the deflection of the primary is negligible. For 
angles of deflection } which are much smaller than 


3 = (2mI)"/2/mcee (2.11) 


we get just this result (2.6), if we connect 3 and the parameter p by the dy- 
namical relation pd ~e?/mc*e. For larger? i.e., smaller p, the transition proba- 
bility for transitions involving small energy loss decreases rapidly, instead 
of becoming infinite as it does by (2.6). Thus it is approximately right to 
break off the integral over p at a point 


Dp ~ (e2/me%ed) ~ (h/2armcz) 


and this is what, in these preliminary calculations, we have done. 

We must now turn to the strict calculation. We shall here be dealing only 
with small energy losses, and since our expressions converge very rapidly as 
the angle of deflection # increases, we have only to evaluate them for small #. 
As before, we shall assume throughout that ¢€ is a large number, and neglect 
higher powers of 1/¢. We need to know the change of momentum of the pri- 
mary in terms of the energy lost EZ’ and the angle of deflection 3. Thus, with 
these approximations, 


p. - pp: = Er’ C; p.‘” = Ed/c; 
(2.12) 


| p® ao p | a= (1/c?)(E2 + E%9?). 
Further 


| p® — p| 2 — (1/c%)(Et — EM)? = (1/c?)((E"2/e) + E%%) (2.13) 


and 





O(p.™, py, p.") PED 
 -A0(E,8,¢) i 


JM = sin 3) ~ m*e*c sind. (2.14) 


We start with the formulae (1.45), (1.46): 


Von = [ aeadratars) exp {(2ri/h)[([p® — p™ ]-r1) 


— 1/ce(E® — E™)r]}[(1 — (2/2rimc)d/dz)uo(r2) |/r. 
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In all cases the matrix integral may be written as the product of two in- 
tegrals if we replace throughout 


ri = f2+ fie. 
Thus 


V0" = pio(p)pa(n, 1, p) (2.15) 


where 


pi(p) = [a ‘r) exp {(2ri/h)[([p@ — p™ ]-r) —(1/c)(E — E™)r]} (2.16) 


and 
{2ri | a . " 
p(n, 1, p) = fara. exp) 7 ([p© — p™ ]-r) ' [1 — (h/2rimc)d, Az|uo. (2.17) 
1 ) 
The former integral may be evaluated at once, and gives just, by (2.14) 
piel p) = (h%c?/e)1/((E'2/e) + E92). (2.18) 


The second integral may be considerably simplified, for it may be replaced by 
pe = J aeiasen>*U3 with y = 2rmce sin d/h. (2.19) 
We may see this in the following way. We may expand 


exp {(2ri/h)([p — p™]-r)} 


in powers of 3: 


" 5 aia 2ri 2x? ) 
elaet/he) -Biset — —— Fp, — —— Ey ---?>. 2.20) 
To h2¢? f 
In all terms but the first the factor 
e(2ri/hoE"2(1 — (h/2rimc)(d/dz) | (2.21) 


gives a correction of the order, by (2.12), E’/mc? which is small of the order 
(v/c)* for the atomic electron, and negligible. If we neglect (2.21) in the first 
term the integral vanishes; and we have to show that here, too, this neglect 
is justified. But now the integral 


[ deine heE"211 — (h/2wimc)d/dz| uo (2.22) 
is just the matrix component of a perturbation produced by a field of poten- 
tial 

. P _ A, = 0: A, = — el2rishe B’(2—et) - o = (irish) EB’ (2z—et) | (2.23) 
These potentials may be derived for the scalar 
A = — h/2wie@rishe)B’ eet) (2.24) 


by differentiation A=grad A; ¢= —0A/dt. They thus correspond to no field; 











786 


J. F. CARLSON AND J. R. OPPENHEIMER 


and the corresponding matrix element vanishes. (This may be verified by 
direct calculation as far as the dipole moment of the atom is concerned.) 
The transition probability is thus given by 


o,1 = (e*h*c?/r) f ay? p(n, 1, y) 2/1 (y? + n*)?] (2.25) 


with » =27rE’ /hceand p2(n,/,y) = fdrit,.e “uy. This expression may,of course, 
be evaluated when we know the u's. We shall not need this evaluation to 
calculate the energy loss of the primary; but we do need it to compute the 
probability of ionization; and it is instructive to have the explicit expressions. 
We shall consider the very simplest case of an electron bound in the normal 
state of a hydrogen-like atom, with an effective nuclear charge 2; we shall 
calculate o for transitions to the continuum. We need to introduce the length 


1/6 = h?/42?mze? (2.26) 
and the quantum number 
n = 1/bk = 2re®s/hv; k = 2xmv/h;v = (2E/m)'!? = [(2/m)(E’ — 1) "2; (2.27) 


which measures the energy of the secondary electron. If we now use parabolic 
coordinates with the pole along the x axis, and use the well-known wave 
functions for the hydrogen-like atom in such coordinates, we can evaluate 
not only pe, but the sum (integral) of p.2 * overall states / of the same energy. 
We thus find 
o'"r2mb* exp |— 2nig-'2kb, (b>? + 7? - k?) | 
l h* 1 — e 2" 
v7 [y? + (8? + 2/3] 
t[b2 ++ (y — &)2][b? + (y + &)?] 


(2. 28) 


t3 
) 
For very small energy losses 
E’'~I (2.29) 


the integrand G(y) of the expression for the transition probability de- 
creases with increasing y, and becomes very large for y—9. For small y 
G(y)~v¥y"/(y? +n)? whereas for larger y>b; G(y)~y~™. Thus the transition 
probability begins to fall off more rapidly with increasing angle of deflection 
when the angle grows of the order 


vd = hb/lrmce. (2.30) 


This is the result quoted before (2.11) in connection with the semi-classical 
calculation. In this earlier calculation we neglected higher powers of y higher 
moments of the atomic electron—and thus replaced e~' by 1—7yx. And this 
reduced expression becomes wrong when y ~~), 3 ~v. 


For energy losses large compared to the ionizing potential the value of G 
for y->0 grows very small, and the integral over y comes entirely from the 
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region y?>~k*; with neglect of higher powers of J/E’ the integral may then be 
evaluated, and gives just 


od kk’ = 2retdE'/mcrk”. (1.40a) 


This agrees with our result (1.40) for the energy loss to a free electron for 
E'<me*. 

We may use (2.28) to compute the cross section for ionization. For (1.40) 
gives a negligible contribution for high energy losses, and we do not need here 
to supplement it with the result (1.40). We so find, carrying out approxi- 
mately the quadratures over y and & for the cross section for ionization 


Pion = 0.29(2re*/mc?7) In (mc*e?/0.0247). (2.31) 
The nonrelativistic result is, for this case of a hydrogen like* atom 
Pion = 0.29(2re*/mz?T) In (mv?/0.0247) (2.32) 


where v is the velocity of the primary. The two differ by (1.27e*/mc*)Ine for 
v—c. The constant 1.2 is here computed only for the simple atom which we 
have considered; it depends upon the f-values for the atomic electron, and 
no universal closed formula can be given for it. We may get a somewhat more 
general result by comparing our formula with the nonrelativistic one. For 
(2.25) differs from the corresponding nonrelativistic formula in three points: 
(1) In the nonrelativistic formula c is to be replaced throughout by v. (2) In 
the nonrelativistic formula the quantity 7 in the denominator of (2.25) is to 
be replaced by n’ =27E’/hv. (3) The upper limits of integration for y and FE’ 
are greater in our formula. This third difference is not essential in computing 
the probability of ionization, since high energy loss impacts contribute rela- 
tively little to this probability. Now the nonrelativistic formula may always 
be written® 

Fion = ky(2re*/myv*) In (mv?/ kel). (2.33) 


By (1) this becomes 
ky(2re*/me*T) In (mc?/kel), (2.34) 


and (2) may be taken into account in the following way. For the range 
O<y<n’, yb is small, and we may write 


[aria ‘Ig ~ — 1YXn1.0, Xat.o = [ aorsmade. 


Thus the term to be added to the nonrelativistic cross section is 
167r*et ¢* 7”? 
— [ dE >>| xe1,0| 2 In — - (2.35) 
hc? Je l n? 
But the nonrelativistic cross section (2.34) itself may with v=c be written 


167%e! mc? 
0 l 


h2¢? k2] 
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i.e., Ri=(S22mI/h®)- fo"dE >>) |xe10 |. Thus our result is 


Pion = ky(2re*/me?) In me*e?/ kel. (2.36) 


This shows that the number of ions produced by a fast electron increases 
as its velocity approaches that of light. The ionizing power passes through a 
minimum for e~3; the increase is very slow; if we use the value of ke given 
by (2.31) for a hydrogen-like atom; and if for air we take J to be about fifty 
volts, then the number of ions is double the minimum value for electrons of 
¢~10*, or energy of the order of 10° volts. 

To compute the mean energy loss, and thus the range, of the fast electron, 
we might again use the hydrogen-like atomic model, and supplement (2.28) 
with the corresponding expression for the probability of excitation. But here, 
too, it is simpler to compare our expression (2.25) with the corresponding non- 
relativistic one. It is simpler still to use the sum theorem of Bethe*® 


9 


(Sa?m/ hy?) > (En — Ep) | J arin iyz4.| = 1 (2.37) 
nl \ \ 
directly. If we apply this directly, we get for the mean energy loss 
: 2re! dy? 
wef ——. (2.38) 
me? Jo y? + 7 


where 7 = (27/hce)W, and W=8;/ is an appropriately chosen mean value of 
the energy transferred per impact; and where the integration over y is to be 
taken up to the maximum value permitted by the conservation laws. We have 
here, however, to consider that the method used in the derivation of(2.25) 
is not applicable for large energy losses and large values of y, since it leads 
to (1.40a) in place of the correct (1.40). It is easy to correct for this, because 
of the fact that when 

E’'> I (2. 39) 


we may use the calculations of §I for free electrons. Since when (2.39) is 
satisfied the conservation laws are fulfilled, we know that in the range 
IKE'<Kmc? we may set 


E’ = h*y3/8x?m. (2.40) 
Thus if we integrate (2.38) up to a y value corresponding to an energy loss E: 
IKE Kme?; 7? = 822mE/h? (2.41) 


we get . me 
6E! = (2re*/mc?) In 82°mE/ h?7?. (2.42) 


And we may add to this the mean energy loss given by (1.40) for impacts 
involving an energy transfer E’= E>TJ. This gives for large ¢ 


Em E‘+(E— E’))*+ FE Qneth me? 
sE"= EGE! ——_—~— | In + Ine + 9/8 — 2In2 
E 2E(E — E’)?E” mc } 





4 


(2.43) 
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Thus for the total energy loss 


bE = 6E’ + 6E” 


2re* 


mc* 
—-— |2 In + 3ine + 0.43| (2.44) 


9 
mc 


which is our result for the mean energy loss. 
The direct calculation with the model of a hydrogen-like atom gives 
(2.44) with the constant 


ks = 1|-|1; W = 1.17. (2.45) 


This result gives just half the energy loss we should expect from Bohr’s 
classical formula;? it gives twice the range. When e is large we get for the 
range R of the particle in a gas containing N electrons per cc 


R= (4re*N /m?c*e) [In me?/W + (3/2) In €| (2.46) 


where now W isa properly taken average energy of the order of the mean ioni- 
zation potential. As ¢ grows large compared with mc?/ W this approaches 


R-! — (6re*N) /(m?c*) In €/e. (2.47) 
Note: We get an upper limit for the range if we set 
dE” = 0, 


since this means that no large energy losses occur, and since we know that 
the neglects of our theory (radiative forces) can have no sensible effect upon 
the small energy losses. With 6E''=0 we get asymptotically 


R™ — 4re'N/m?c? In €/e, 


which is four times the distance traveled according to the Klein-Nishina 
formula, by a gamma-ray before its first Compton encounter. This range 
(2.47) is just one-sixth the distance which (according to the Klein-Nishina 
formula) a quantum of energy (emc*) travels, on the average, before its 
first Compton encounter. Thus even for the greatest energies a gamma-ray 
is, according to theoretical results at present available, more penetrating than 
an electron of the same energy. It should be remarked that in the application 
of these formulae nuclear electrons may not, presumably, be neglected; they 
should be included in counting the total number (NV) of electrons per cc. But 
unless € is very large, the contribution of these electrons to the stopping power 
will be smaller than that of the extranuclear electrons, since the binding en- 
ergy of the former must be of the order of a few million volts. It seems at 
present impossible to extend our calculations to the case of electrons bound in 
nuclei, because of our ignorance of the nature of that binding. But insofar 
as wave mechanics is applicable to such particles, (2.46) should give a reliable 
estimate of their effect on a fast electron. 
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I1]. IMPACTS OF THE MAGNETIC NEUTRON 


We want now to study in a little more detail the expression which we have 
derived for the impact of a magnetic neutron with a free electron. The cross 
section for such encounters is given in (1.67) and the somewhat complicated 
quantities occurring in this expression are given in (1.69). We shall consider 
first and chiefly the case that the neutron has a velocity small compared with 
that of light; in this case it will be unable to give the electron a very high 
velocity, and we may greatly simplify (1.67) by neglecting higher powers of 
v/c for both particles. The complicated summation of the square of the 
numerators of (1.67) then reduces to 


Nm 2) 044°) * + 2) T4-*| ° (3.1) 
and we find from (1.72) 
N = (1/2M%c?) { p’* + p’*(4r? — 8rAr + 2(Ar)?] + (Ar)*}. (3.2) 


Further the denomination of (1.67) becomes 


| 


| pO — p|* = (ar)? + 9. 6.5 


If we introduce for the ratio of the mass m of the secondary to that of the 
neutron 
A= m/M (3.4) 


and the further abbreviations 


a = cosd, 8 = sind, g = [a + (X? — B%)' 2] /(1 +d), (3.5) 
we find 
2r*e*y* {e484 + 9232[4 — 8(1 — ga) + 2(1 — ga)?] + (1 — ga)*} 
oda = - — gia . —ememe . (3.6 
hc? (1 — 2ga + g?)* 
The energy transferred is 
E’ = (E/yd)(1 — 2ga + g?). (3.7) 


Several points are at once clear. Since for a—1, g—1 the cross section be- 
haves for small angles like 


oda ~ da/(1 — a) ~ dp*/ Bp" (3.8) 
whereas in the case of the Coulomb field it behaved like 


da/(la)? ~ dp?/p*. - (3.9) 


we 


The mean energy transferred may be computed without considering the 
binding of the secondary, since E=foE'da converges. Further, the cross 
section is independent of the velocity or energy of the neutron, and the mean 
energy loss is directly proportional to the initial energy; finally the cross 
section is proportional to the square of the magnetic moment of the neutron. 


We shall reduce (3.6) for the case that the neutron has a mass equal to 
that of the secondary, \=1, or much smaller, \>1 or much larger \<1. 
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\=1. Here g=a, 


q € 9 
Jr etua 


oda = ——— {apt + 2a783(2 — 48? — B*) + B*}. (3.10) 
202g 
The quadrature over the angle of deflection gives for the energy loss 
bE = J oxtda = (7/96)oE (3.11) 


where oo = 167%e*u? /h°c?. This cross section a) may be written 
oo = re'n® m*ct, with nm = w/ug; w= eh/4trmc-n (3.12) 


where 7 is the magnetic moment of the neutron measured in Bohr magnetons. 
This quantity ” is presumably quite small, so that @» is very small indeed. The 
expression for the total number of impacts 


¢ = [oda (3.13) 


does not converge in the small angles. The preponderance of small energy 
losses is not nearly so marked here as for the impacts of an electron; and it is 
easy to show, by repeating the familiar nonrelativistic calculations for the 
impact of a particle with a bound electron, that the total number of impacts 
in which an energy of the order of a few times the binding energy or less in 
transferred is finite and independent of the primary energy and corresponds 
to a cross section of the order of oo. The total cross section thus turns out to be 


am [ota ~ oo{} In (E/V) — 7/16} (3.14) 


where TV is of the order of the ionizing energy. The mean energy transferred 
per impact is thus 


6E/o ~ (E/24) In E/W. (3.15) 


Such a magnetic neutron, quite apart from the great infrequency of its im- 

pacts, a factor Jn*/4mc*? smaller cross section than an electron—will never 

produce ion tracks in a cloud chamber, since it tends to lose an appreciable 

fraction of its energy, and suffer an appreciable deflection at every impact. 
> 1. For this case we find 


a ~ (o0/4) In 2E/AW (3.16) 
bE = (19/96)aoF/d (3.17) 

and forA<1: 
o = (o0/4) In EX/W (3.18) 


6E = aoEX/8, (3.19) 
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In both these cases impacts are relatively rare; in both, the mean energy 
loss is necessarily smaller than for equal masses; only for a heavy neutron are 
impacts without large deflection possible. If such a neutron as this had a large 
magnetic moment, large compared to the Bohr magneton, it could produce 
recognizable cloud chamber tracks; but values of large enough to give this 
seem a priori extremely improbable. 

The formulae we have given apply equally—especially to the impacts of a 
magnetic neutron with a proton or nucleus. They do not account very well for 
the phenomena observed in the penetrating radiation from Be bombarded 
with alpha-particles. In the first place, such a magnetic neutron would have 
more impacts with highly charged nuclei than with protons, whereas the ob- 
servations show that this is not so; in the second place the number of impacts 
would depend so little on the energy of the neutron, so that it would be hard 
to account for the observed inhomogeneous absorption of the radiation. 
Finally the distance between impacts would be enormous; with ” =10~-* and 
\=1, a neutron of 5.10® volts would travel ~100 km before ejecting a visible 
proton from paraffin. 

One might suppose that in the general case of velocities not small com- 
pared to that of light, different and more satisfactory results might be ob- 
tained. We have investigated this case only for \=1, in which case the con- 
servation laws give simple algebraic relations between angle of deflection and 
final momenta and energy. For this case the total cross section increases with 
€, where again E =€.\/c? is the initial energy of the neutron, and is of the order. 


oe". (3.20) 
In this case €>1, the preponderance of small deflections and relatively small 
energy losses is still less marked than in the case of low velocity magnetic 


neutrons. When . 
e>InkE/W 


the electron tends to lose a large part of its energy in each encounter it makes. 
Such a neutron could not produce cloud chamber tracks; and since it is cer- 
tain on energetic grounds that the radiation from beryllium does not consist 
of such neutrons, we have not thought it desirable to give further details in 
the evaluation of (1.67). 

We believe that these computations show that there is no experimental 
evidence for the existence of a particle like the magnetic neutron. 











SEPTEMBER 15, 1932 PHYSICAL REVIEW VOLUME 41 


Photoelectric and Thermionic Emission from 
Composite Surfaces 


By WAYNE B. NottInGHAM* 
Massachusetts Institute of Technology 


(Received August 6, 1932) 


Classical methods when applied to photoelectric and thermionic emission from 
composite surfaces often lead to inconsistent results. A study of the thermionic emis- 
sion, with a new thyratron circuit for heating tungsten and thoriated tungsten fila- 
ments, reveals that many points can be explained if we take into consideration the 
complex form of the potential barrier produced by an atom layer of electropositive 
metal when deposited on an “electronegative” base. From an experimental knowledge 
of the transmission coefficient of the barrier as a function of electron energy and the 
use of the Wentzel approximation for the transmission coefficient D(v) =exp — (44/h fe? 
(2mH)*?dx), it is possible to calculate the shape of the barrier which turns out to be 
practically parabolic and about 4.310-§ cm in width one electron-volt below the 
top of the hill. Since the width and perhaps the height of the barrier seem to depend 
upon the temperature, it becomes clear that the Richardson-Dushman equation 
I=AT? exp (—o/T) is applicable only as an empirical representation of the data 
obtained with composite surfaces as emitters. This surface model explains very 
naturally the fact that the electrons emitted from a composite have an apparently 
Maxwellian distribution of velocities corresponding to a temperature fifty percent 
higher than that of the filament as reported by Koller and Rothe. It also gives a 
qualitative explanation of the observed dependence of the photoelectric long wave- 
length limit on the applied potential for thin films of sodium on nickel using very 
low fields. 


INTRODUCTION 


COMPOSITE surface may be formed by depositing a thin layer of 
“electropositive” metal on a more “electronegative” one. Many investi- 
gators have found such surfaces to be more active thermionic and photoelec- 
tric emitters of electrons than either of the metallic constituents when taken 
in bulk. The thermionic current from a composite surface has been observed 
to depend on the temperature according to the Richardson equation J =A7* 
exp (—e¢do/kT) but differences between values of the work function @o for 
different surfaces are not in satisfactory agreement with measurements of the 
contact difference in potential.! 
The thermionic current varies with the accelerating field according to the 
Schottky mirror image theory? only for high fields.* At low fields the current 
falls much more rapidly than might be expected. Electrons emitted from a 


* Fellow at the Bartol Research Foundation, Swarthmore, Pennsylvania, while carrying 
on the experimental work reported in this paper. 

11, Langmuir and K. H. Kingdon, Phys. Rev. 34, 129 (1929). 

2K. T. Compton and I. Langmuir, Rev. Mod. Phys. 2, 123 (1930). See part B (5) for 
complete discussion. 

3 J. Becker and D. Mueller, Phys. Rev. 31, 431 (1928); N. B. Reynolds, Phys. Rev. 35, 
158 (1930). 
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clean tungsten surface have been found to have a Maxwellian distribution of 
velocities! with a temperature equal to that of the filament but according to 
the results of Koller® and Rothe,® the apparent temperature of the electrons 
emitted from a composite surface is at least fifty percent higher than that of 
the emitting surface. 

The above difficulties serve to illustrate the nature of some of the broader 
aspects of the problem at hand. We see that the observed results follow more 
or less according to the theories which have been well able to describe the 
thermionic emission from clean surfaces, but in almost every case there is a 
definite difference between observation and theory which is much larger than 
the experimental error. It is the object of the first part of this paper to de- 
scribe as concisely as possible a series of experiments on the thermionic emis- 
sion from thoriated filaments and the photoelectric emission from films of 
sodium deposited on nickel. In the latter part of this paper an attempt will 
be made to coordinate these new, and many of the old, results into a theory. 

The experimental work upon which this paper depends was carried on 
at the Bartol Research Foundation with the liberal support of the Franklin 
Institute of Philadelphia between January, 1929, and August, 1931. 


THE EXPERIMENTAL PROBLEM 


From his studies of photoelectric emission, Dr. Ives’ reported that as a 
thin film of sodium is deposited on a platinum surface, “the long wave limit 
of the emission first moves toward the red as the film increases in thickness 
and then, after the maximum of the photoelectric sensitiveness is passed, 
moves back toward the violet.” Later, Ives and Olpin’ reported that in the 
cases of lithium, sodium, potassium, rubidium and caesium this maximum 
“excursion” of the long wave limit was “found to coincide with the first line 
of the principal series, i.e., the resonance potential.” Stimulated by these re- 
searches an attempt was made to investigate the energy distribution of the 
emitted electrons and test the linearity of photoelectric response of these 
surfaces to light of a wave-length very near that of the threshold. What was 
thought to be a nonlinearity in the response® and reported as such was later 
found'® to be due to a nonlinearity in the amplifier system used to measure 
the extremely small currents. These studies also yielded results which were 
interpreted as a departure from Einstein’s photoelectric equation.'' The ex- 
perimental data, which are now being published in detail for the first time, 
can apparently be explained on the wave-mechanical theory of electron trans- 
mission through a potential barrier. 


‘L. H. Germer, Phys. Rev. 25, 795 (1925) 

5 L. R. Koller, Phys. Rev. 25, 671 (1925). 

® H. Rothe, Zeits. f. Physik 37, 414 (1926). 

7H. E. Ives, Astrophys. J. 60, 209 (1924). 

§ Ives and Olpin, Phys. Rev. 33, 281 (1929); 34, 117 (1929). 
* W. B. Nottingham, Phys. Rev. 33, 633 (1929). 

10 W. B. Nottingham, Phys. Rev. 35, 669 (1930). 

" W. B. Nottingham, Phys. Rev. 33, 1081 (1929). 
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In the field of thermionic emission, Reynolds” reported work which might 
be considered as an extension of that of Becker and Mueller on the variation 
of the thermionic emission from a thoriated tungsten filament as a function 
of the electric field. The fact that the results reported by Reynolds could be 
interpreted qualitatively with the same “surface models” as those used in 
the interpretation of the photoelectric emission data made it clear that a 
thorough investigation of the problem of the thermionic emission from a 
thoriated tungsten wire using small retarding and accelerating potentials on 
the collector, might greatly extend our understanding of the general problem 
of composite surface emitters. Two important difficulties of the experiment 
not satisfactorily disposed of by Reynolds were (1) the lack of uniformity 
of potential difference between the filament and the collector due to the fila- 
ment heating current and (2) the adequate insulation of the collector. Pre- 
liminary work done by the author before these difficulties were overcome 
verified the general experimental results of Reynolds, but suggested new ex- 
planations. 

With the help of wave mechanics, it is now possible to explain many 
of the observed facts of electron emission from composite surfaces by con- 
sidering the transmission through the potential barrier produced by an atom 
layer of an electropositive element when deposited on a more electronegative 
base. These points will be discussed in detail later in this paper. Since prac- 
tically all of the experimental work being reported in this paper was done 
before an application of the present theory was made, it will not be difficult 
to discover points in the argument which can be disposed of by additional 
experiments. Although there are a number of such investigations under way 
already, it has been thought worth while to report in detail on the results 
obtained to date, partly to help other workers in the field and partly to 
invite criticism of the experiments and theories presented here. 


ELECTRIC CIRCUITS 
a. Filament heating circuit 


In order to heat the filament and yet have no drop in potential over it 
during measurement an intermittent heating system like that used so suc- 
cessfully by Germer'® was employed. Instead of using a 500 cycle generator 
and tungar rectifiers as done by Germer, a thyratron “inverter” circuit was 
developed at the suggestion of Dr. A. W. Hull and patterned essentially 
after his circuit .!’ This is shown in Fig. 1. 

With thyratron 7) conducting 0.25 ampere the plate P; is only about 12 
volts positive with respect to the filament and there is a difference in poten- 
tial of 250 volts across the condenser C. When the oscillator voltage carries 


® N. B. Reynolds, Phys. Rev. 35, 158 (1930). 

18 J. Becker and D. Mueller, Phys. Rev. 31, 431 (1928). 
4 W. B. Nottingham, Phys. Rev. 35, 669 (1930). 

1 W. B. Nottingham, Phys. Rev. 38, 1918 (1931). 

16 |.. H. Germer, Phys. Rev. 25, 795 (1925). 

17 A. W. Hull, Gen. Elec. Rev. 32, 390 (1929). 
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the grid G2 of thyratron 7°, positive, this tube suddenly becomes conducting 
and the quick drop of potential at P2 causes that of P; to become very nega- 
tive with respect to F,. If the de-ionization time is shorter than the time re- 
quired for the condenser C to charge up through the 1000 ohm resistance, 
then thyratron 7), will remain nonconducting until the next half cycle of the 
oscillator at which time G,; is made positive and the cycle of operation as de- 
scribed above is repeated. It is easy to see that the wave form of the current 
through 7) will be qualitatively that of Fig. 2. 

The part of the cycle during which the filament is heated is shown cross- 
hatched. The sharp peaks showing reverse current for an extremely short 























7.54 

+ 

4/300 v $ == 32 mf FG-67 thyratron Ty 

Fi 1000w 

|0.3 mF 
lc 
| 
| 
1000w 


























1} a 
| 


C, Imf Cs 


mf 


Fig. 1. Thyratron'’ inverter circuit for heating filament with pulsating current. 


time were assumed to be there on indirect evidence only. The condensers 
C,, Co and Cs; were introduced to eliminate the effect due to this reverse cur- 
rent. Now that a cathode-ray oscillograph which can follow such rapid 


18 Since the thyratron has not yet come into common use in physical research, it will per- 
haps be desirable to describe very briefly its operating characteristics. 

The thyratron is a gas filled (mercury vapor) three-electrode tube containing a cathode, 
anode and grid. With positive potentials of a few hundred volts on the plate, a few volts nega- 
tive grid potential prevents the electron current flow from cathode to anode. At a certain critical 
value of grid bias enough current flows, however, to start ionization in the gas. Within a few 
microseconds an arc is fully developed with the current limited only by the external circuit 
under normal conditions. After the formation of the arc the grid has no control over the flow 
of current. Thus in a circuit with a d.c. plate supply, provision must be made for stopping the 
flow of current through the thyratron after it has once been started by effectively cutting off 
the plate supply. It is for this reason that we have the plates of the two thyratrons of Fig. 1 
connected together by the 0.3 mf condenser. 

For detailed discussion see: A. W. Hull, reference 17; W. B. Nottingham, J. Frank. Inst. 
211, 271 (1931); W. B. Nottingham, J. Frank. Inst. 211, 751 (1931). 
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changes in potential is available, the exact nature of this objectionable re- 
verse peak is to be investigated. 

The power was supplied by a 300 volt d. c. generator driven by a three- 
quarter hp, three phase synchronous motor. With the generator brushes in 
good condition the output voltage was steady to within about 0.1 percent 
for a considerable period of time. 

An inductance and condenser were used as shown to eliminate the com- 
mutator ripple. 


b. Adjustment of filament temperature 


The Langmuir and Jones temperature scale for pure tungsten was used. 
Approximate values of the temperature were calculated from measurements 
of the current flowing and the diameter of the filament. With this approxi- 
mate temperature, the end loss correction was calculated*®® and the final tem- 
perature was determined from the Langmuir-Jones table for V’(A’)*/* which 
involves measurement of the filament length, voltage drop, and current. 
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Fig. 2. Wave form of current through thyratron 7}. 


The current was determined by measuring the drop in potential over a 
standardized one ohm resistance R, using a Leeds and Northrup type K 
potentiometer. The voltage drop over the filament was accurately measured 
using a type K potentiometer with ten times the usual current flowing 
through the coils and slide wire. With this method, it was possible to measure 
accurately d.c. voltages as high as 16.1 volts. By throwing the switch S; to 
position (1) the filament under test X; and the auxiliary filament X»2 were 
heated by d.c. These two filaments were of approximately equal length and 
from the same stock. Under this condition the temperature of the test fila- 
ment could be determined and the light emitted from the auxiliary filament 
accurately measured by a null method. With switches S; and S_ both in posi- 
tion (2) filaments X; and X»2 could be heated with pulsating current. By 
adjusting R, and R: the temperature of Xs was brought very accurately to 
that previously determined by observing the photoelectric current produced 
by the light emitted from X». It was then assumed that the temperature of 
the test filament was the same as that determined from the d.c. measure- 
ments. The frequency of the pulsating current was varied from 100 to 500 
cycles per second with no change in the thermionic current observed. Prac- 


19 T, Langmuir and H. A. Jones, Gen. Elec. Rev. 30, 310, 354, 408 (1927). 
20 Langmuir, McLane and Blodgett, Phys. Rev. 35, 478 (1930). 
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tically all measurements were therefore carried out with the oscillator set to 
deliver 100 cycles. 


c. Amplifier circuit for photoelectric current 


The photoelectric current produced by the light from the auxiliary fila- 
ment Vs was measured with the circuit shown in Fig. 3. 


photoce1l] FP-54 
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Fig. 3. Amplifier circuit for photoelectric current. 


The underlying theory of the operation of this type of circuit has been 
discussed elsewhere.*! The low voltage batteries used were 150 amp.-hr. stor- 
age batteries and were carefully maintained. Under these conditions the 
single tube amplifier circuit has been found to be more steady than the two 
tube circuit and much easier to maintain. With no light on the photoelectric 
cell and V; zero, potential V2 was adjusted to make the current through the 
galvanometer G, zero. 


FP-54 


Nit 




















Fig. 4. Grid circuit of vacuum tube amplifier used to measure thermionic current. 


When the filaments X, and X2 were heated by direct current, the light 
from the auxiliary filament X¢ falling on the cell caused a current to flow 
through R. The potential V; was then adjusted to bring the galvanometer to 
zero. The pulsating current was adjusted to maintain the light emitted from 
X» constant as indicated by the galvanometer. 


* W. B. Nottingham, J. Frank. Inst. 209, 287 (1930); L. A. DuBridge, Phys. Rev. 37, 
392 (1931). ' 
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d. Amplifier circuit for thermionic current 


The circuit for measuring the thermionic current was very similar to that 
of Fig. 3, except that a 25,00-b type R galvanometer was used in place of a 
2500-e instrument. Instead of a standard FP-54 vacuum tube, an early model 
of the same general design having a higher mutual conductance was used 
with a resulting maximum sensitivity of about 10.5 cm per millivolt applied 
to the grid. Certain special features incorporated in the grid circuit are shown 
in Fig. 4. 

Condensers or resistances were used in the grid circuit to give a means of 
varying the sensitivity. The capacities of a specially selected set of fixed con- 
densers ranged from 0.002 mf to 8.0 mf and the values of resistance ranged 
from 5000 megohms to zero. With the capacities it was possible to use the 
rate of deflection method of measurement for the current range of 10-" to 
5X 10-% amp after which the galvanometer Gz could be used directly. 


EXPERIMENTAL TUBES 
a. Construction and preparation 


The filaments, kindly furnished by the Research Laboratory of the Gen- 
eral Electric Company, were of types known as “7,” “E,” and “C” wire. “7” 
and “E” were thoriated tungsten, the latter being free from carbon and the 
“C” wire was pure tungsten. The wire diameter was approximately 1.6 mils 
and the length of the filaments were about 10.8 cm. The collector was 1 cm 
in diameter and about 2.5 cm long. Cylinders of the same diameter and about 
4 cm long were used to make the field uniform near the ends of the collector 
and also receive the emission from the cool ends of the filament. 

The collector was supported on long “beads” held by “sealed-in” tungsten 
connections maintained at the collector potential. A special lead was brought 
out for the collector to give high insulation from the other leads coming 
through the press. All the metal parts were made of “baked out” nickel or 
tungsten. A rather elaborate outgassing schedule was carried out with oven 
baking at temperatures up to 400°C and heating of the collectors with the 
induction furnace as well as extensive heating of the filament. 


b. Activation of the filament 


Langmuir and Rogers” found that tungsten wire containing about one 
percent of thorium oxide could be made, by a proper heat treatment, a much 
more efficient emitter of electrons than pure tungsten at filament tempera- 
tures of less than 2000°K. The details of this process are given in full by 
Langmuir” and also by Dushman.* At a filament temperature of 2700°K 
to 2900°K some of the thorium oxide decomposes leaving a small amount 
of thorium between the tungsten crystals and near enough to the surface 
so that the thorium can diffuse, at the activation temperature, to the surface 
and form a layer of thorium atoms. The filament temperature must be 1800°K 


2 7, Langmuir and W. Rogers, Phys. Rev. 4, 544 (1914). 


% 7, Langmuir, Phys. Rev. 22, 357 (1923). 
* S. Dushman, Rev. Mod. Phys. 2, 381 (1930). 
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or greater for this “activation” to take place at a reasonably rapid rate. After 
a long time of activation the equilibrium surface condition is governed by 
the rate of diffusion and the rate of evaporation. 

Fig. 5 shows a typical set of curves*® representing the first activation car- 
ried out in steps at 7°\,=1920°K. 

The accumulated time is plotted along the abscissa while the thermionic 
current observed at a test temperature of 7,;=1230°K and a collector poten- 
tial of +20.0 volts is plotted as the ordinate. The maximum found after 90 
minutes’ acitvation is undoubtedly related to the maxima found by Becker” 
in his studies of the thermionic emission from a caesium covered tungsten 
filament. In Becker’s work the surface coverage corresponding to the maxi- 
mum emission was thought to correspond to a monatomic layer of caesium 
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Fig. 5. Activation of a thoriated filament with test temperature 1230°K (T wire). Solid 
curves applied accelerating potential 20 volts; dashed curve potential 2.0 volts. 


atoms on the tungsten and by analogy it is thought that the maximum in 
Fig. 5 corresponds to a monatomic layer of thorium atoms on tungsten. With 
T,=1920°K the equilibrium condition was practically reached after 280 

ninutes of activation. By raising the activation temperature to 2000°K this 
equilibrium was disturbed immediately and a sharp rise in the curve was ob- 
served. At about 2100°K the equilibrium condition corresponds very closely 
to that of the maximum observed at 90 minutes. Activation at still higher 
temperatures, leaves the surface only partly covered. At low fields the maxi- 
mum practically disappears. The significance of this observation will be dis- 
cussed later. 

The main features of the activation curve shown in Fig. 5 are thus easily 
understood. There are, however, many details concerning the activation pro- 
cess which may be of importance in the explanation of results obtained with 
more complicated composite surfaces. For example, after a filament has been 


2% W. B. Nottingham, Phys. Rev. 35, 1128 (1930). 
26 J. A. Becker, Phys. Rev. 28, 341 (1926). 
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fully activated, the emission has been observed to increase two to six fold in 
the cource of time even though the filament is maintained at liquid air tem- 
perature between observations. This effect is undoubtedly brought about by 
the adsorption of some gas. A detailed examination of this effect is being 
undertaken. 


MEASUREMENT OF THERMIONIC CURRENT 


a. Velocity distributions 
The experimental difficulties associated with the measurement of the 
thermionic emission from composite surfaces have long been recognized. For 
example, work function measurements involving a change in temperature of 
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Fig. 6. Thermionic current from a fully activated filament at 1160°K (pulsating filament 
current used). Range ab calculated by Schottky equation. Range bed identical to that observed 


with tungsten filament at 1723°K. 

the emitter are often invalidated because the surface conditions may change 
with the temperature. Some of these changes are slow enough to be observed ; 
others may be rapid and escape observation. Surface conditions also change 
with an alteration in the current drawn from the filament and may thus be 
subject to variation with applied field and temperature. Changes at the sur- 
face of the collector as indicated by a shift in contact potential have also 
been observed.2’ In order to minimize these difficulties a definite procedure 
of measurement was adopted. Before beginning a set of measurements, 
maxima of accelerating potential (usually less than 10 volts) and temperature 
(about 1200°K) were decided upon. During the run these standard conditions 
were maintained except during the time required for each reading, i.e., after 


27 W. B. Nottingham, Phys. Rev. 39, 183 (1932). 
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making a reading standard conditions were reproduced before taking the 
next. In Fig. 6 a typical curve is given showing the thermionic current re- 
ceived by the collector as a function of the applied potential difference be 
tween the collector and the filament. 

The points enclosed in circles are the observed points. The curves drawn 
through the points are of theoretical significance. The dashed curve from a 
to b is the theoretical curve, computed from the classical equation developed 
by Schottky,?* for the current received against a retarding potential by a 
cylindrical collector from a filament of small diameter supported along the 
axis of the cylinder, with the distribution of velocities assumed to be Max- 
wellian and the temperature that of the filament. Over the part of the range 
covered, there is a very close agreement between the observed points and the 
theoretical curve. 
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Fig. 7. Thermionic current from a pure tungsten filament at 1723°K. 
(Pulsating filament current used.) 


There is, however, no sign of saturation at the point } as one would ex- 
pect from classical theory and on the basis of Germer’s experience with pure 
tungsten filaments. It is only natural to suggest that the observed results are 
distorted by space charge effects which would invalidate a calculation using 
the Schottky theory. In order to test this point measurements were made on 
a filament of “E” wire in the completely deactivated state and also on a pure 
tungsten “C” wire. These filaments were heated to such a temperature that 
the saturation current was exactly equal to that observed on the activated 
filament with about 6 volts applied potential. The results of one of these tests 
are shown in Fig. 7. 

In the case of the clean tungsten filament, the Schottky curve and the ob- 
served points agree almost perfectly up to within about 0.2 volt of the theo- 
retical saturation point. At lower temperatures the agreement is even closer. 
These results are in very close agreement with those of Germer which showed 
that space charge effects could be neglected in the case of pure tungsten fila- 
ments up to about 1830°K. Since space charge phenomena are controlled 


28 Walter Schottky, Ann. d. Physik 44, 1011 (1914). Germer’s table in Phys. Rev. 25, 795 
(1925) was used for all of these computations. 
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primarily by the current density and the electric field near the surface of the 
filament, the fact that the space charge can be neglected in the case of the 
pure tungsten indicates that it can also be neglected in the case of an activated 
thoriated filament for temperatures less than 1200°K. 

A comparison was made between the observed curves for clean tungsten 
at 1723°K and thoriated tungsten at 1160°K and it was found that the curves 
were almost identical over the range } c d of Figs 6 and 7. The range dc in 
the case of pure tungsten indicates that the velocity distribution of the elec- 
trons is Maxwellian with a temperature of 1723°K. But the similar range bc 
for the thoriated filament is also characteristic of 1723°K, although the tem pera- 
ture of the filament was only 1160°K. This is a fundamentally important result, 
and it will be shown that the new theories of transmission through potential 
barriers can give just this result, i.e., given a potential barrier of the required 
dimensions, the distribution of electron velocities of those electrons which are 
transmitted through the barrier can be described as Maxwellian with a tem- 
perature 45 to 50 percent Aigher than that of the filament. 

Measurements of the velocity distribution of the electrons from thoriated 
filaments operated at 987°K, 1045°K and 1103°K showed the same agreement 
between observed points and the Schottky curve for the range of applied 
potential negative to that designated as “vo,” while over the range of potential 
positive to “v9” the distribution was quite accurately the same as that of a 
pure tungsten filament operated at temperature high enough to give the same 
saturation current at about 6 volts applied potential. With the filament in a 
particular state of activation all of the values of “vz,” for the various tem- 
peratures were the same within about +0.1 volt and the ratio of these tem- 
peratures was extraordinarily constant, as indicated by Table I. 


TABLE I. 
Thoriated Case 1 Case 2 
fil. temp. Tungsten Ratio Tungsten Ratio 
987 1458 1.48 1490 1.3 
1045 1540 1.47 1570 1.50 
1103 1620 1.47 1650 1.50 
1160 1685 1.45 1723 1.48 


It will be noticed that these results check well with the estimations made 
by Koller’ and Rothe® that the electron temperature as indicated by the ap- 
parent velocity distribution is 50 percent higher than that of the filament, 
although their work applied to the oxide-coated filament. The theory to be 
proposed here would presumably be approximately applicable also to this 
more complicated type of surface. 

These experiments have therefore suggested the existence of two groups 
of emitted electrons, the one with higher speeds classically characteristic of 
the filament temperature and the other (comprising nearly 99.9 percent of 
the saturation emission) being apparently characteristic of a 50 percent 
higher temperature. The discovery of the former group is due to the experi- 
mental extension of the velocity distribution curve through a larger range of 
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values than is usually done. The latter group, which has heretofore been 
treated classically is, on the present theory, a group which could not escape 
classically but is allowed to escape by wave mechanics according to a proba- 
bility factor which depends jointly on the “potential barrier” created by the 
adsorbed electropositive layer and on the applied potential. 


b. Work-function measurements 


Really accurate determinations of the thermionic constants ¢» and A of 
the Richardson equation J=A T? exp —ed¢o/kT, are exceptionally difficult 
when the range of permissible temperature variation is small. Data which 
were obtained show definitely that both of the constants depend very de- 
cidedly on the exact state of the surface. No two activation and filament aging 
curves have been observed which are exactly ‘alike and therefore no two 
values of @, and A are the same although attempts have been made to control 
activation conditions accurately. Studies now under way will no doubt throw 
new light on this question. 

With an applied accelerating potential of 6.0 volts, the observed values of 

9 ranged from 2.38 to 2.83 electron-volts while the value of A ranged from 
0.56 to 10.2 amp. per cm? per deg.?. 

One of the best determinations gave ¢) = 2.64 and A =3.2 which compare 
very satisfactorily with those of Dushman and Ewald*® of ¢)9=2.63 and 
A =3.0. Measurements with applied potentials of 2.0 and 2.4 volts, corre- 
sponding to values of.v) as defined above for various conditions of activation, 
gave @» between 3.1 and 3.5 electron-volts and A between 10 and 60 amp. 
per cm? per deg.’. 

The results reported*® for solid thorium are ¢9=3.35 v with A =60. This 
suggests that the effective work function of a composite surface measured 
at a very low potential such as v7» changes from that of the base metal to that 
of the surface metal as the film thickness increases to that of a single layer or 
greater. Thus we have a qualitative explanation of the fact that the activa- 
tion curve of Fig. 5 taken at a very low field shows no maximum. The analog- 
ous result has been found photoelectrically. 


° PHOTOELECTRIC EXPERIMENTS 


Although considerable work was done on the problem, photoelectric emis- 
sion from composite surfaces, very little of it is of permanent value since the 
problem must be reinvestigated in the light of the recent theories of photo- 
electric effect such as that of Fowler.*! The results reported here are therefore 
preliminary and show simply some of the more easily observed facts. 

A sketch of one of the experimental tubes is shown in Fig. 8. 


29S. Dushman and J. W. Ewald, Phys. Rev. 29, 857 (1927). 

30 Dushman, Rev. Mod. Phys. 3, 394 (1931). (Calculation based on data of C. Zwikker, 
Proc. Amst. Acad. Sci. 29, 792 (1926). W. Espe gives ¢9=3,39 v and A =70 in Zeits. f. tech, 
Physik 10, 489 (1929). 

! R, H. Fowler, Phys. Rev. 38, 45 (1931). 
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The collector c;, ¢2, ¢; was made in three parts and the circuit arranged so 
that only the current collected on cz was measured. The emitter was a nickel 
cylinder 8 mm in diameter and about 6 cm long mounted on a movable sup- 
port. By means of the iron weight sealed into a glass envelope, this electrode 
could be moved to positions I, II or III. During the baking and exhaust it 
































sodium 


Fig 8. Tube for study of photoelectric emission from a thin film of sodium 
on nickel. 


was in position III. In position IT sodium could be deposited on the surface 
by evaporation from the side tube. While in position I, the electrode was sup- 
ported concentric with the collecting cylinders by a glass tube sealed in the 
end as shown. A slit in collector c2 permitted the light to fall on the emitter 
after having entered the tube through the quartz window. 
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Fig. 9. Minimum-frequency limit as a function of applied potential. 


The primary object of the study was to observe the dependence of the 
effective photoelectric long wave limit on film thickness and applied poten- 
tial. The range of applied potential varied from a few volts retarding to about 
700 volts accelerating. The most interesting results were obtained at low po- 
tentials and are shown in Fig. 9. 

Over the range of applied potentials greater than 3 volts, the current was 
measured as a function of the wave-length holding the potential constant. 
The curve covering a range of current from 10-* to 10-“ amp. was then extra- 
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polated into the axis to give the long wave limit. Over the range of small 
positive and negative potentials, the current was measured as a function of 
applied potential while the light frequency was constant. The extrapolation 
of these curves thus gave additional points for the limiting frequency at 
which an emission of the order of 10-“ amp. would take place under the par- 
ticular conditions of illumination and applied potential. This limiting fre- 
quency expressed in equivalent electron volts is plotted as the ordinate while 
the applied potential is shown on the abscissa. 

According to this method of plotting, points at the left of each curve 
which fall on straight lines with a slope of (—1) correspond to the range of 
applied potential over which the Einstein photoelectric equation is applica- 
ble. The fact that the points do not break away from this line and quickly 
approach a nearly horizontal line at some definite value of applied potential 
is a characteristic phenomenon of composite surfaces. The experimental facts 
of particular interest are (1) the frequency vy» at which the departure from 
the Einstein line takes place decreases progressively as the thickness of the 
film increases, presumably starting at that for nickel and finally reaching 
that for solid sodium; (2) with an accelerating potential of five volts or more 
the minimum-frequency “limit” undoubtedly decreases as the film thickness 
increases going through a “maximum excursion” and then returning to that 
of sodium in bulk. This fact was demonstrated by Ives 


s 


some years ago but 
it is interesting to note that the extent of this “excursion” is considerably 
greater than that of the resonance lines of sodium. 


ANALYsIs OF DATA ACCORDING TO CLASSICAL METHODS 


a. Theory* 

If we assume that the curves of Fig. 9 give us a measure of the effective 
photoelectric work function ¢, as a function of the applied potential, we can 
deduce the “force-distance” curve against which the electrons must be work- 
ing. In the absence of an applied field we have for the work of escape: 


2 


oy = ef F(s)ds (1) 


where F(s) is the electric intensity against which the electron is working and 
s is distance measured from the surface of the metal. If we have an applied 
field the force against which an electron works in order to escape is increased 
or decreased. The decrease in work which the electron must do in order to 
escape with the help of an accelerating field is 


Ag. = { Vo(s)ds + { F(s)ds. ( 
0 Se 


Here s, is the critical distance which the electron must go in order to escape 
V is the difference in potential between the electrodes and ¢(s) depends on 


Nm 
— 


* The theory presented here has undoubtedly been worked out by others. A less general 
discussion is given by Hughes and DuBridge, Photoelectric Phenomena p, 210, 
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the geometry of the electrodes. The critical distance is of course given by the 
condition 
Vo(s.) = F(s,). (3) 


If we make a small variation in V we obtain 
se + (da,/ dV )5Y x 

Ad, + (d(Ad,)/dV)bV = i) (V + 6V)od(s)ds +f I’(s)ds. (4) 
rn) 8c + ( dsef dV 8h 


After subtracting Eq. (2) from Eq. (4) it follows that 


d(o,)/dV -{ o(s)ds (5) 


since d(Ad.) /d V =d(¢,.)/dV. 
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Fig. 10. Computed force functions for various composite surfaces. Solid lines thoriated 
tungsten; dotted line Becker-Mueller data thoriated tungsten; dashed line sodium on nickel 
observed photoelectrically. Dot-dash line given by mirror image theory. 


The left-hand side of Eq. (5) comes from the slope of such curves as those 
of Fig. 9. If ¢(s) can be integrated s; can be determined as a function of V 
and using Eq. (3), F(s) can be deduced. For infinite cylinders we obtain 

5, = r{(R es 1| (6) 

where R=radius of outer and r = radius of inner cylinder. 

Thermionic data can also be analyzed in this way if we assume that all 
current changes with applied potential are due to an alteration in the work 
function. Differentiating the Richardson equation we obtain 


d(log i)/dV = — (e/kt)(d¢./aV). (7) 


In this way d¢./dV as a function of V can be obtained from observed data 
and Eqs. (6) and (3) can be used to determine the “force function” F(s). 
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b. Experimental test of classical method 


The results of the experimental test of this method of analysis are best 
illustrated by the curves of Fig. 10. 

It is interesting to note that the general trend of the curves is remarkably 
uniform. It is not difficult to show that data taken at different temperatures, 
such as that summarized in Table I above, will give the same force function 
if the temperature ratios of columns three and five are constant. 

There are at least two serious objections to this method of analysis which 
are (1) forces as great as 5.0 to 10.0 volts per cm at distances as great as 10~* 
cm from the surface are certainly impossible, and (2) determinations of the 
thermionic constant A made with applied potentials between 2.6 and 6.0 
volts have not been found to be constant as is required if the entire change in 
thermionic current with field is the result of a change in the effective work 
function. 
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Fig. 11. Hypothetical potential barrier of Fowler and Nordheim. WW is the highest electron 
energy assuming a Fermi-Dirac distribution in the base metal at 0°K. Electrons with energy 
B>W>C must pass through a barrier of width / in order to escape. 


TRANSMISSION THROUGH POTENTIAL BARRIER EXPLAINS 
RESULTs AT Low FIELDs 


a. Theory and application to thermionic data 


Although the theories of Fowler® and Nordheim® and the approximate 
solution to the wave equation used by Wentzel™ and others have been known 
for some years, no applications of these results to the voltage-current thermi- 
onic curves were made until last year. It is clear that a hypothetical poten- 
tial barrier of the Fowler-Nordheim type, shown in Fig. 11, will give results 
qualitatively like those shown in Fig. 6. 

Upon heating, the electrons in a metal acquire energies greater than W;. 
Those with energy greater than B can escape and the probability of escape 
upon approach to the boundary should be independent of the energy. The 
distribution of velocities of these electrons will of course follow the classical 


#2 R. H. Fowler, Proc. Roy. Soc. A122, 36 (1929). 
% L. Nordheim, Phys. Zeits. 30, 177 (1929). Further bibliography here. 
* Wentzel, Zeits. f. Physik 38, 518 (1926). 
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laws and therefore be practically Maxwellian as is indicated by the observed 
curve ab of Fig. 6. For electrons of energy W<B the probability transmission 
is distinctly less than that for W>8S and is furthermore a function of the 
energy W. Since the transmission coefficient decreases as W decreases the 
group of electrons with energy B > W>C received by a collector will certainly 
not have a Maxwellian distribution at the temperature of the filament and if 
they have anything like a Maxwellian distribution at all it will certainly cor- 
respond to a temperature considerably higher than that of the filament since 
the transmission coefficient decreases with decreasing W thus favoring the 
high velocity electrons. 

With a barrier of this type in mind, we see that the electron emission re- 
ceived with the collector at the potential vo (Fig. 6) corresponds to all of the 
electrons with energies greater than B. 

From the fact that the velocity distribution of these electrons is Maxwel- 
lian at the temperature of the filament, we can calculate the number of elec- 
trons with energy greater than W which approach the barrier from within 
the metal and can therefore calculate the transmission coefficient as a func- 
tion of W which must be obtained in order to produce the observed current- 
voltage curve. This was done using the Nordheim equation. For this B and 
C of Fig. 11 were held constant and three values of / were determined for 
three arbitrary values of W. The smooth curve drawn through the points 
looked very much like a parabola and the width at 1.0 electron-volt below the 
top of the “hill” was 4.5X10-* cm. This result suggested that the barrier 
might be assumed to be parabolic and the Wentzel equation used. 

The current-voltage characteristic of Fig. 6 can be idealized as shown in 
Fig. 12. The line abd’ is given by the equation 


loge 7 = loge to + (e/kT1)(@ — 00)/300 (8) 
while the line c’c is given by 
log. i = log, ig + (€/kT2)(v — 09)/300. (9) 
We know that the complete curve must be given by 


e . 





i ———— e¢(e— v0) /300kT I) (9) dy (10) 
300kT; J _, 

where D(v) is the transmission coefficient. Our experiments show that we 

may take 


D(v) = 1 for (v — v%) < 0 (11) 


and 


D(z) = ¢¢(e—vo) (1/Ts~1/T;) /300k for y — veg > O, (1 2) 


for then Eq. (10) reduces to 


i =_ pe? (?—*o) /300kT, for (v ==» Vo) < 0 (13) 
and 


=. 
II 


igft + T2/Ti(et(*-*0)/30047 — 1)] for v — v9 > 0. (14) 
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For values of (v—vo) >0.3 volt, this equation reduces to Eq. (9) with 72 
=i 12/7T,. The complete curve given by Eqs. (13) and (14) is shown by the 
solid line of Fig. 12. 


4 














| | 














0 0.5 1.0 1.5 
v (volts) 
Fig. 12. Idealized current-voltage characteristic; equivalent to observed curve Fig. 6. 


The Wentzel approximation gives the transmission coefficient for a bar- 
rier like that of Fig. 13 as 


Dv) = ee (4rlh f (2mH ade (15) 


“ 2 


Enersy (electron- volts) 
is 





7, 0 a B 2 io. 20x10 


cm 
Fig. 13. Potential barrier calculated from observed data on thoriated filament T=1160°K 


Let us assume that the potential curve is a parabola above the line at W 
and is given by 


H = [e(v — v)/300] — C2(x — xo)? (16) 











PHOTOELECTRIC AND THERMIONIC EMISSION 811 
where C is a constant and Xp is the value of x at the maximum. Remembering 
that H=0 at x; and x2 Eq. (15) reduces for this case to 

D(x) = el-28°(0— eode(3m "9 /3001€) | (17) 


Equating the empirical Eq. (12) and the theoretical Eq. (17) we can solve for 
C to get 

C = |[2r2k(Qm)"'2/h| TT 2, (T2 — 711) (18) 
17.54 XK 10°97, 72 (T2 — 7;). (19) 


II 


The width of the barrier at any point is thus given as a function of v by 
(¥2 — X,;) = 1.438 x 10 (Ts - T,) Ti T2\(v — vw)! (20) 


Putting in 7;=1160 and 7,.=1723 we obtain (x2—x,) =4.05X10-* cm 
with (v—v») =1.0 volt which is a reasonably good check on the result ob- 
tained using the Nordheim formula which gave 4.5 X 10-* for the same data. 

Using Eq. (20) we can calculate the appropriate barrier widths at one 
volt under the hill to fit the data summarized by Table I. The results are 
given in Table IT. 


TABLE IT. 


Barrier width (v—z») =1 volt 


T, Case I. Case II. 
987 4.77X10-°cm 4.92 «10-8 cm 
1045 4.39 4.6 
1103 4.15 4.33 
3 


1160 


87 4.05 


According to these data the effective width of the barrier seems to be 
decreasing with increasing temperature. This may be due to the inaccuracy 
of determining the appropriate value of 72 although it is possibly a real effect 
since the transmission coefficient is probably determined more by the 
minimum distance of approach of the thorium atom to the tungsten surface 
rather than by its average position. If this result is true, it is evident that the 
use of the equation J =A7* exp (—}o/7) to determine the thermionic work 
function for composite surfaces cannot be of much theoretical significance 
since the observed current must depend on some “effective” work function 
which must be a complicated time average and also a function of the temper- 
ature. The area over which the emission actually takes place would also be 
decreased with the result that the surface area of the filament could not be 
used as is usually done to calculate a value of A. 

This method of analysis thus provides a possible explanation for that 
part of the current-voltage characteristic which has been most troublesome 
for the classical theory, namely, that of the low voltage range. It also shows 
how the apparent velocity distribution of the electrons can very well be de- 
scribed as Maxwellian with a temperature 50 percent higher than that of the 
emitting surface as first pointed out by Koller.* 
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b. Application to photoelectric data 


It is evident that a surface model similar to that of Fig. 13 is in qualita- 
tive agreement with the results shown by Fig. 9 in which we have the ob- 
served minimum-frequency limit shown as a function of the applied field. We 
see that if the collector potential is adjusted to turn back all electrons trans- 
mitted through the barrier, as the potential is varied, then the measured re- 
sults can be expected to follow the Einstein equation and we will obtain a 
linear relation between potential and the minimum-frequency limit. Since 
the minimum-frequency limit as measured depends on the reception of a 
current of about 10-“ amp. at the collector over the range of small positive 
potentials, the apparent minimum-frequency limit will decrease less rapidly 
than before, thus accounting for the range bc of the curve shown in Fig. 9. 
With moderate accelerating fields the minimum-frequency limit is set primar- 
ily by the height of the plateau (Fig. 13) above the highest occupied energy 
level in the metal W;. It is at once clear that photoelectric and thermionic 
studies should be carried out on the same filament under well controlled con- 
ditions for results so obtained are complimentary in many respects and 
would almost certainly give us the necessary information out of which a de- 
tailed picture of composite surface phenomena could be constructed. 

It is with the greatest pleasure that I acknowledge my obligation to the 
members of the staff at the Franklin Institute, the: Bartol Research Founda- 
tion and the director, Dr. W. F. G. Swann. To Dr. Karl T. Compton, I am 
greatly indebted for his continued interest and his many helpful suggestions. 











SEPTEMBER 15, 1932 PHYSICAL REVIEW VOLUME 41 


A Relation between the Electric and Diamagnetic 
Susceptibilities of Monatomic Gases 


By J. P. Vint 
Massachusetts Institute of Technology 


(Received August 6, 1932) 


A relation is derived by quantum-mechanical perturbation theory, using a center 
of gravity argument and the Kuhn-Reiche sum rule, between the polarizability and 
diamagnetic susceptibility of monatomic gases. On comparison with a similar paper 
by Kirkwood, who uses a variational method, a criterion is derived for the validity of 
a perturbed wave function of the form Yo(1+Av), where Yo is the unperturbed wave 
function of the normal state and v the perturbing potential energy of a uniform elec- 
tric field. It is also pointed out that inclusion of an electronic interaction term ¢ 
neglected by Kirkwood removes a difficulty appearing in his paper. 


EE to dispersion theory,' if a uniform electric field vibrating 
sinusoidally with frequency v is applied to an N-electron atom in the 
ground state 0, the polarizability (induced electric moment per unit field) 
is given by the equation: 


” lo 
2e° Yn0d |<0n |~ 


(ee 


9 ” 
h nzoMno — v* 


where the direction of the electric field is taken as the z-axis, z=})—*_ 2, 
(where z, refers to the uth electron), 


V»9 = (May. = Ho) h, Zon = [boobadr, 


(matrix elements referred to unperturbed wave functions), and the summa- 
tion is extended over all the excited states m, continous included. For a static 
field (v=0), this becomes: 


| Zon | * 
a = 2c? }) —— ——. (1) 
n #0 VW = iH 0 
Let us denote this summation by >>’, and abbreviate W,—Wo to Wyo. In 


order to evaluate this sum, it is necessary to find a suitable center of gravity 
of the term system Wo. We may define the proper average W’ x9 by the equa- 


tion 7 
Wo Do’ = D| zonal *, 
nz O 
but by the rule for a matrix product, 
rs Zon| ? = (3*)o0 — | Z00 | , 
n x0 


1 J.H. Van Vleck, Theory of Electric and Magnetic Susceptibilities, p. 362, Eq. (31) (Oxford 
1932). 
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Thus 


Yi , ‘ | « 
HW no > = (2*)oo — | S00; ?. 


We may define another average W,,9* by the equation 


Was* >, SOn a= DW xe SOn 3. 
n 


not 


which by the Kuhn-Reiche sum rule equals (h?/82?m)N. Since eZo9 denotes 
the electric moment averaged with respect to the wave function of the normal 
state unperturbed by the electric field, it must vanish, since experimentally 
no atoms have permanent dipole moments. One can also show? this by writing 


Zoo as f Yo *sdr and applying the transformation z,’=—z,, whereupon 
Yo(s) = +Yo(s’), from which Zo9 = — Zoo and therefore vanishes. Thus 

z. Zon = >. Son | 2 = (3?) oo, 

nx n 
so that 


Wro®™ = (4?/8r2n) N/(2") 09. 


If we now take as an approximation W 5 = W,9*, we find: 
+ By = (Sr2m/h*)[(s2)o0]?/N. (2) 
Now 


N 
(22)o0 = Dd, Dd (2:c)00 = DK (si2)00 + >, >, (2:2,)00 
’ j i= 1 is) 


and 

(3:7) 00 = (x;") 00 = (v7) 00, 
since these are averages with respect to the unferturbed wave function, in 
which the z direction is not favored; thus 


a a ee » oS we eS 
(2;*)oo = 3(4.2 + vi? + 2,*)eo = 3(ri?)o0. 


Similarly alk ie 
(2:2,)00 = 3(Ri- Rj)oo, 


(2*)00 = 3 Do(r.2)00 + £ Dd, D(Ri- Rao. (3) 
iFj 


so that 


2 


Let us denote ee 
DY DYER RAoo 


ix j 


by o, and recall that for a monatomic gas, the molal diamagnetic suscepti- 
bility’ is given by 
eL N 


a Se eee > (7:2) 00, (4) 


6mc? jy 


2 J. H. Van Vleck, reference 1, p. 202. 
* J. H. Van Vleck, reference 1, p. 206, Eq. (2). 
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where L is Avogadro’s number. Then, using Eqs. (1), (2), (3), and (4), 


1672e2m /6mc?, 3 . 
a= ———(——|x| +e). (5) 
Oh?2\ el 


We have here an approximate relation between the polarizability and the 
diamagnetic susceptibility of a monatomic gas, which can be tested only for 
the inert gases, since almost all others have strong paramagnetic susceptibili- 
ties which greatly outweigh the diamagnetic part. Since electrons repel each 
other, the average angle between two of the radius vectors R; and R; in an 
atom is expected to be greater than 7/2, thus making o a negative number. 
Actual calculation for helium using a wave function due to Hylleraas which 
gives the energy correct to one part in 3000, gave for o the value —0.146 a,’, 
so that o is small compared to (6mc?/eL) |x! =)>> i(r2)oo= +2.34 ac? for 
helium. For neon ¢o was calculated by means of Slater’s theory of complex 
spectra, using hydrogenic radial functions (with screening) for 1s, 2s, 2p, 
giving a value of the order —1.5 a2; this is also small compared to >> ;(r2)oo 
= 8.31 ao” for neon. 

We can rewrite (5) in the form: 


x = (e%ao'/?/4mc?)(Na)!!? — (e?L/6mce?)o. (6) 


We can now test this equation by calculating |x | from the observed polariza- 
bility, and comparing with the observed |y |. We get the Table I. 


TABLE I. In this table K is the volume susceptibility reduced to 20°C and 1 atmos. = K»»=(p2/M)x, 
where pts the density and M the atomic weight. 


N 10**a (obs.) 10®| K | (calc.) 10°| K! (obs.) 
He 2 0.205 0.000088 0.000078 


A 10 0.390 0.00031 0.00028 


The law (6), with o placed equal to zero, has been derived by Kirkwood,‘ 
using a method quite different formally from ours, so that it is of interest to 
show the equivalence of his assumptions to ours. Letting Yo be the wave 
function of the normal state and v= —eF)_}, the perturbing potential en- 
ergy due to a uniform electric field of strength F, he writes an approximate 
wave function for the perturbed atom in the form Wo(1+Av), where \ is a 
parameter which he determines by minimizing the energy /p//~dr. Using the 
fact that voo vanishes, the energy turns out after variation to be Wp» plus a 
second order term —(})aF?, where a= (822m /h?) [(2*)oo |?/N. He thus gets a 
formula for the polarizability which checks with ours except for the fact that 
he arbitrarily neglects 5c. If one makes use of the theorem that such a varia- 
tional method applied to the lowest state of an atom must always give an 

‘J. G. Kirkwood, Phys. Zeits. 33, 57 (1932). 

5 Kirkwood does not take his z-axis parallel to the field, but one can verify that on doing 


so, his method does lead directly to our Eq. (5). He places ¢=0 by writing 0, => 521" (x;*) 00 
instead of ©, =)> ide (x)x4) 00. 
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energy higher than the true energy, one sees that the calculated IK | should 
be larger than the true |K | in all cases. Kirkwood finds \K (calc.) for neon 
and argon less than |K! (obs.), contrary to expectation; this is to be ex- 
plained by his neglect of the interaction term oc. 

Now the perturbed wave function which leads to the formula (1) for 
polarizability is that deducible from first-order perturbation theory: 


Y=Vot Do (0jo/Woi¥;- (7) 


7*0 





If we make the assumption that 


> (29 Woy; = AurYo (8) 


-o 
i= 


(where A, is the adjusted value of \), our wave function checks with Kirk- 
wood’s and will thus give the same second order energy and the same polar- 
izability. Eq. (8), however, on multiplication by ov and integration over the 
electron coédrdinates leads (using Kirkwood’s A, = — (877m /h?)(v")o0/(EeF2N)), 
to 


770 Woo; h2e2 72 
Using v= —eFz, this becomes 


ps so, | 2/W yo = (Sx2m, h?N)[(s?)o0|?, 


j*0 
or, using the Kuhn-Reiche sum rule, 


| | o 9) 9 
i | Zo0;| ~ [(s?)o0]? (9) 
ixo = W jo > W 0! Zo; | . 
This, however, is just the assumption Wo = W,0* of our method. Thus the 
assumption (8) that leads to Kirkwood’s treatment also leads to our assump- 
tion as to averages. Eq. (9) can be written: 
|. tev eS 
> | 20; | 2/Wy0 di 30, | ° 
770 


Sle: #Sw.lel: 
Di | 20; i W jo |z0;! 


That is, the average (formed with respect to the squared matrix elements) 
of the reciprocal of Wj must equal the reciprocal of the average of Wo, in 
order that Y=yo(1+Av). The accuracy of fulfilment of this relation thus con- 
stitutes a criterion for the accuracy of a perturbed wave function of the form 
Wo(1+dv). Eq. (10) is seen to work well when |z0; |2>> |zo2 |? etc., with the 


(10) 


lo 


‘Zo; |? falling off rapidly. It is thus expected to work well in the case of the 
alkali vapors, since the first absorption line is very strong compared to the 
succeeding ones; unfortunately, however, these vapors are paramagnetic, so 
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that comparison with experiment is impossible. For the alkaline earth vapors 
(ground state 4So), there is no paramagnetism, but also no susceptibility 
measurements. Since they have no permanent magnetic moment, however, 
the Zeeman effect would be a measure of the magnetic polarizability. One 
should thus be able to use the law (6) to predict qualitatively second order 
Zeeman effect of the normal state from refractive index data or vice versa. 

The author takes this opportunity to acknowledge his gratitude to Pro- 
fessors J. C. Slater and P. M. Morse, who have read the manuscript and taken 
a helpful interest in the paper. 
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Variation of the Principal Magnetic Susceptibilities of Certain 
Paramagnetic Crystals with Temperature 


By B. W. BartLerr 


Bowdoin College and Columbia University 
(Received July 19, 1932) 


Curie and Weiss Constants for the Principal Susceptibilities of Certain Crystals. 
The Curie and Weiss constants, respectively C,, and A of the equation x, = C,,/(T+4), 
over the temperature range 60° to —45°C have been determined for 5 crystals of the 
isomorphic monoclinic double sulphate series [M R2(SO4)2 6H2O]| containing cobalt, 
nickel, or copper, and for cobalt sulphate heptahydrate. The measurements were 
made by Rabi’s method of determining the principal magnetic susceptibilities of 
crystals, which was found applicable over this temperature range. The use of ethy] 
alcohol as a solvent for the auxiliary paramagnetic salt permitted the extension of 
the method to temperatures below the freezing point of water solutions, such as 
those used by Rabi, for crystals of volume susceptibilities less than 35 X10~*. The 
lower limit of the applicability of the method depends only on the availability of low 
freezing point solutions of sufficient susceptibility. In general the Curie constants for 
the principal susceptibilities of any given crystal were very nearly the same. The 
Weiss constant showed considerable variation, both between the different principal 
magnetic axes of the same crystal, and from one crystal to another. Both the Curie 
and Weiss constants decreased progressively as the metal ion was changed from cobalt 
to nickel to copper. The effect of change in the alkali ion from NH, to potassium 
was less pronounced, although there was a slight tendency for the Curie constant to 
increase and for the Weiss constant to become more positive. The accuracy claimed 
for the measurements is 1 percent. In general there was a small continuous change in 
the orientation of the principal magnetic axes in the plane of symmetry of the crystal 
with respect to the crystallographic axes as the temperature was varied. 


INTRODUCTION 


NUMBER of investigators have made measurements by various meth 

ods of the principal magnetic susceptibilities of crystals. An interesting 
set of crystals is the isomorphic monoclinic double sulphate hexahydrate 
series, upon which very complete crystallographic and optical data have been 
obtained by Tutton.! The principal susceptibilities of several members of this 
series have been measured by Fincke? and by Jackson.* There is considerable 
disagreement between the results of these two investigators for the same 
members of the series. Using a quite different method, Rabi‘ has determined 
the principal susceptibilities of a large number of crystals of this series. His 
method has two intrinsic advantages over those of the other investigators; 


1A. E. H. Tutton, Proc. Roy. Soc. London A88, 361 (1913); Phil. Trans. Roy. Soc. A216, 
1 (1916). 

2 W. Fincke, Ann. d. Physik [4] 31, 149 (1910). 

3L. C. Jackson and H. Kamerhigh Onnes, Phil. Trans. Roy. Soc. A224, 1 (1923); Proc, 
Roy. Soc. A104, 671 (1923); L. C. Jackson, Phil. Trans, Roy. Soc, A226, 107 (1927), 

‘1.1. Rabi, Phys. Rev. [2] 29, 174 (1927). 
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it requires no accurate knowledge of the fields and field gradients involved, 
and it permits a direct measurement of the orientation of the principal axes 
of susceptibility with respect to the crystallographic axes. 

The present paper is concerned primarily with the effects of temperature 
upon the principal susceptibilities. It also serves, however, as a further check 
on the values already obtained at room temperatures. A comparison of exist- 
ing results with those obtained during this research will be given later. 

Jackson* has made measurements on two crystals of the double sulphate 
series Over a considerable range of temperatures. Due to the disagreement 
between his values and those of Fincke and Rabi at room temperatures it 
was considered desirable to repeat these measurements over as wide a range 
as possible by Rabi's method, in addition to measurements on members of 
this series not previously investigated over a range of temperatures. The need 
for accurate data of this kind has been enhanced by recent advances in the 
quantum theory of susceptibilities.5® 


METHOD 


In Rabi’s method‘ of measuring the principal susceptibilities of crystals 
the crystal is suspended from a torsion head by a glass fibre so as to lie in the 
inhomogeneous part of the field of a Weiss magnet, in the position shown in 
Fig. 1. In this position it rests in a solution, the susceptibility of which may 
be varied at will by the addition of a strongly paramagnetic salt. In general 
the direction of the field and that of the resulting intensity of magnetization 
in the crystal will not coincide. In this case displacement of the crystal will 
result, no matter what the susceptibility of the solution, when the field is 
applied. If, however, the crystal is so oriented that either its axis of maximum 
or minimum susceptibility in the X Y plane is parallel to the field, the direc- 
tions of field and resulting intensity in the plane coincide. In this case if the 
susceptibility of the solution is the same as that of the crystal in the direction 
of the field, the resultant force on the crystal is zero and it suffers no displace- 
ment. For mathematical demonstration of this statement and those which 
follow the reader is referred to Rabi’s paper. It should be noted that the fore- 
going statement applies to the axes of maximum and minimum susceptibility 
in the X Y plane, these being 90° apart. 

In the special case where the direction of one of the principal axes of sus- 
ceptibility is known, the crystal may be suspended parallel to this direction, 
and then the other two principal axes will automatically lie in the X Y plane. 
This is the case with monoclinic crystals, in which one principal axis coincides 
with the symmetry axis of the crystal. In this case the three principal suscep- 
tibilities and the orientation of the axes may be determined very simply and 
directly. The crystal is suspended parallel to its symmetry axis, the torsion 
head turned and the susceptibility of the solution varied until no displace- 
ment of the crystal occurs when the field is applied. The value of one of the 

5 J. H. Van Vleck, Theory of Electric and Magnetic Susceptibilities, Oxford University 
Press, New York, 1932. 

6 O. M. Jordahl, W. G. Penney, and R. Schlapp, Phys. Rev. [2] 40, 637 (1932). 
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principal susceptibilities in the plane of symmetry is then directly equal to 
that of the solution, which may be measured very simply by the well-known 
Gouy method.’ The crystal is then rotated through 90° and the susceptibility 
of the solution again varied until no displacement takes place, determining 
the other principal susceptibility in the symmetry plane. The crystal is next 
suspended perpendicular to the symmetry axis, rotated until this axis is 
parallel to the field, and the susceptibility of the solution is then varied as 
before until there is no displacement. The susceptibility of the solution is 
then equal to that of the third principal axis. In practise, displacement of the 
crystal along the X and Y axes of the magnet (Fig. 1) is observed independ- 
ently. Motion along the Y axis is governed by the susceptibility of the solu- 
tion, and along the X axis largely by the angular orientation of the crystal 
about the axis of suspension. The procedure is therefore simply to turn the 





Torsion Head 


' \, Suspension 


Glass Rod 




















PLAN ELEVATION - SECTION AA 
Fig. 1. Method of suspension of crystal. 


crystal until there is no motion along the X axis when the field is applied, 
and then to vary the susceptibility of the solution until displacement in the 
Y direction is eliminated. 

The angle which the maximum axis of principal susceptibility in the plane 
of symmetry of the crystal makes with one of the crystallographic axes, say 
the c axis, may be obtained directly as follows. The orientation of the c axis 
of the crystal is first determined with respect to the X axis of the magnet 
by reflecting a beam of light back on itself from a known face of the crystal 
along the Y axis of the magnet. The angle through which the crystal must be 
turned to obtain a balance with the solution with either its maximum or 
minimum principal axis parailel to X is then read from the torsion head. 
Since the angle which the c axis makes with X is determined from this reading 
and its previous orientation, the angle between the c axis and the principal 
axis is also given. It is assumed throughout that the glass fibre is stiff enough 
not to allow the crystal to twist with respect to the torsion head. 

The sensitivity of the measurement of the orientation of the principal axes 
is high. Displacement of the crystal in the X direction for any given field 


7 E. C. Stoner, Stoner, Magnetism and Atomic Structure, E. P. Dutton, New York, p. 40 
(1916). 
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strength is a function of the difference between maximum and minimum sus- 
ceptibility in the X Y plane. It is greater when the axis of minimum principal 
susceptibility is being balanced, and in the case of crystals for which the dif- 
ference in principal susceptibilities is 10 percent or more it is considerable 
even if the crystal is away from balance by only one degree. Observation is 
simplified by the fact that the displacement along the X axis changes direc- 
tion as the crystal is rotated from one side of the equilibrium position to the 
other. 

This method of determining principal susceptibilities is independent of 
the shape of the crystal, provided it is not too large. It does not, therefore, re- 
quire the grinding of crystal sections of definite shape and orientation with 
respect to the crystallographic axes. This discussion has been limited to the 
application of the method to monoclinic crystals. It is, however, perfectly 
general, although in the most general case a greater number of observations 
and somewhat more complicated calculations are required. 


EXPERIMENTAL PROCEDURE 


The experimental procedure followed in this research was essentially the 
same as that described in Rabi’s paper. Certain minor modifications were 
made necessary to permit measurements to be made satisfactorily over the 
temperature range. Two magnets were used, one for the comparison of the 
crystals with the solution, and one for the determination of the susceptibili- 
ties of the solutions by the Gouy method. While this arrangement facilitates 
the measurements under any conditions, it is essential with hot and cold 
solutions that the two measurements be made as nearly simultaneously as 
possible to prevent change in the solution, either by evaporation, condensa- 
tion, or precipitation. 

The crystals were suspended from a torsion head graduated in degrees 
by glass suspensions about 30 cm long and 5 mils in diameter. It was found 
that Rabi’s method of attaching the crystals to the suspension with molten 
shellac was impracticable at the higher temperatures, as the shellac softened 
and the crystals dropped off. The same thing occurred at all temperatures 
when alcohol was used as a solvent, as might be expected. After considerable 
experimentation with other adhesives, it was finally found necessary to drill a 
properly oriented hole through each crystal, and suspend it upon a slightly 
tapered glass rod inserted through the hole and attached in turn to the sus- 
pension. The diameter of the hole thus drilled was in general less than 10 mils 
and the rods used had a maximum diameter of about this value. The holes 
were drilled by hand with a jeweler’s drill, and after a little practise it was 
found easily possible to orient them within one or two degrees of the desired 
direction. 

Motion of the crystals was observed by means of two microscopes focussed 
on the rods just as they came out of the solution. Both microscopes had scales 
in their eyepieces, and in particular that used for observing motion in the Y 
direction had sufficient magnification to detect displacement of 0.002 cm, 
which was less than the random motion of the crystals due to convection 
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currents in the solution. The solution was contained in a Dewar flask inserted 
in the angle of the pole pieces so as to permit the crystal to be suspended in 
a reasonably strong gradient. Temperatures were measured to half a degree 
by means of a standard thermometer graduated in tenths. This was sufh- 
ciently accurate for the balance of crystal and solution, the critical tempera- 
ture measurement being that made when the solution was being measured by 
the Gouy method. 

To ensure constancy of temperature during the measurement of the sus- 
ceptibility of the solution the magnet used for this purpose had a jacketed 
brass tube inserted between its pole pieces. The jacket was connected to a 
coil run through a three gallon bath, and constant temperature was main- 
tained by pumping water or alcohol through the system. For temperatures 
above the room the bath was water heated by an immersion heater, and for 
low temperatures it was alcohol or alcohol and water cooled with solid carbon 
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Fig. 2. Diagram of temperature control jacket. 





























dioxide. Fig. 2 shows diagrammatically the arrangement of the jacket. The 
whole investigation was carried on in a double walled constant temperature 
room to ensure constancy of temperature of the magnet throughout. 

The Gouy tubes used were of Pyrex glass, approximately 30 cm long and 
1 cm in diameter. They were suspended from a chainomatic balance, sensi- 
tivity 0.05 mg, located well out of the field, which had no detectable influence 
upon the balance or suspension. The Gouy tubes were calibrated with dis- 
tilled water, —0.720X10~-* being taken as standard for the susceptibility of 
water.® 

Temperatures of the solutions were measured by the insertion of a thermo- 
couple into the tube containing the solution at the time of measurement. Con- 
stancy of temperature during the measurement was checked by means of an- 
other couple inserted through the walls of the jacket into the inside of the 
brass tube in which the Gouy tube was suspended. As there was a slight 


8 Int. Crit. Tables, Vol. VI, p. 356. 
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gradient in the Gouy tube, care was taken to measure the temperature at the 
point where the field gradient was a maximum. 

For measurements at room temperatures and above water solutions were 
used, saturated with respect to the material of the crystal. Susceptibilities 
were varied by the use of manganous chloride, the amount of this salt in 
the solution being varied as necessary to balance the crystal. The maximum 
temperatures at which measurements could be made by this method were 
limited in general by the disturbance of the solution due to convection cur- 
rents, although in the case of cobalt sulphate heptahydrate change in the 
chemical state set the limit. Obviously the lower limit to the method is the 
freezing point of the solution. In general with water solutions freezing started, 
or at least the solution became too thick for precise observations, in the 
neighborhood of —25°C. Accordingly search was made for satisfactory sol- 
vents of lower freezing point. Experimentation with alcohols, acetone, and 
other organic liquids of low freezing point resulted in the choice of ethy] 
alcohol as solvent and anhydrous manganous chloride as solute. This com- 
bination gave the largest volume susceptibility of those tried, about 35 X 10~, 
a value sufficiently high for all the crystals except those containing cobalt. 
For the latter the lower limit was therefore the freezing point of the water 
solutions. The use of the alcohol solution extended the range to —45°C for 
the copper and nickel crystals, Below —50°C the alcohol solutions became so 
viscous as to prevent further measurements.°® 


CRYSTALS 


The crystals measured were Co (NH,)o(SO,4)26H2O, Co Ke(SO,)26H2O, 
Co SO, 7H2O, Ni (NH4)2(SOs)26H20, Cu (NH,4)2(SO4)26H2O, Cu Ke(SO4)s 
6H.O. Of these the hexahydrates are of the isomorphous monoclinic series so 
thoroughly investigated crystallographically by Tutton.! The two containing 
cobalt have been investigated magnetically by Jackson*® over a considerable 
range of temperatures. Cobalt sulphate heptahydrate is also monoclinic, and 
has been investigated crystallographically by Marignac,'® and magnetically 
by Fincke* at room temperatures. The mean susceptibilities of all these salts, 
in powdered form, except those containing copper have been measured over 
a wide range of temperatures by Jackson.’ 

Some of the crystals were grown by slow cooling and some by evaporation. 
Only materials of tested purity were used, and all the crystals selected for 
measurement had been recrystallized at least twice for further purification. 
Further check on the purity of the specimens was provided by using at least 
6 different crystals for each set of measurements and rejecting any which 
varied by more than two percent from the mean value. It was found that 

® Work is in progress at Columbia University on the susceptibilities of these and other 
crystals at liquid air temperatures. Paramagnetic and diamagnetic liquids offer no difficulties 
at these temperatures, since liquid oxygen is paramagnetic and liquid nitrogen is diamagnetic, 
and they are miscible in all proportions. For measurements at intermediate temperatures 
special liquids would have to be found. 

10 C, de Marignac, Mem. Soc. Phys. Genéve 14, 245 (1858); C. F. Rammelsberg, Hdb. d. 
Kr-Phys. Chem. 1, 419 (1881). 
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great care was required in selecting crystals without flaws or cloudiness if 
consistent results were to be obtained. In this connection it is suggested that 
some of the disagreement in published results may have come from the use of 
imperfect crystals. The writer found that some crystals which were perfect 
in outward appearance gave out small amounts of saturated liquid when 
pierced by the drill, indicating imperfect crystallization within the core of the 
crystal. In general the crystals used were about 0.5 cm on an edge. 

It was found necessary to wash the crystals very carefully after each 
measurement to prevent any manganous chloride drying out of the solution 
onto the crystal. If this was not done errors of five percent or more were in- 
troduced into the results. As a check on the care with which this was done 
each set of crystals was measured again at room temperature at the comple- 
tion of the temperature run. 

In addition to the measurements on the individual crystals a check on 
the general consistency of the results was obtained by making a run on 
powdered crystals by the Gouy method. The accuracy of such measurements 
was limited by the uniformity with which the powders could be packed into 
the tube. Also the measurement of temperature was not so accurate as with 
the solutions, as the temperature of the powder could not be read directly, 
but had to be determined from dummy tubes held at the same jacket tem- 
peratures for the same lengths of time. These measurements however serve 
as a check against any gross errors in the individual measurements. 

ACCURACY 

The absolute accuracy of the method of the present investigation is defi- 
nitely limited by the accuracy of the standard value for the susceptibility of 
water, which is probably about 0.5 percent. In the present work the sensi- 
tivity of the null balance of crystal against solution was of the order of 0.1 
percent except in the case of the crystals containing copper, for which it was 
about } percent. The sensitivity of the gravitational balance was 0.1 percent 
or better. The measurement of temperature had a precision of 0.2°, and allow- 
ing for temperature gradient in the tube was probably accurate to better than 
0.5°. The couples used were calibrated against standard thermometers and 
against the freezing point of mercury. The field of the Gouy method magnet 
was checked for constancy by a meter with a precision of 0.1 percent. The 
magnet itself was in a constant temperature room, and its temperature did 
not vary by more than one or two degrees throughout the investigation. Heat- 
ing of the magnet by the current used was highly improbable, as the currents 
were well below the capacity of the magnet, and were on only for compara- 
tively short time intervals. Further check on this fact is afforded by the fact 
that the currents were remarkably constant, indicating no heating of the 
coils. 


The insertion of the glass rod through the crystal introduces a systematic 
error approximately equal to the ratio of the volume of the rod in the solution 
to the volume of the crystal. From the geometrical dimensions involved this 
error was in all cases well under 0.5 percent. 
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Probably the most serious source of error, aside from impurities and ir- 
regularities in the crystals themselves, was that which might arise from 
change in the solution between the balancing of the crystal and the measure- 
ment of the susceptibility of the solution. To get the solution from the Dewar 
flask into the Gouy tube in general required from one to two minutes. To 
prevent precipitation from the solution the temperature of the bath and the 


TABLE I. Principal susceptibilities. Axes 1 and 2 refer respectively to the maximum and 
minimum principal susceptibilities in the plane of symmetry of the crystal, axis 3 to the 
principal susceptibility perpendicular to this plane. Temperatures are given in degrees centi- 
grade. A is the volume susceptibility, x the mass susceptibility, and x,,’ the molecular suscepti- 
bility corrected for diamagnetism. 


K X 108 x X 108 tm KIO? 
Crystal T 1 2 3 1 2 3 1 2 3 


Co(NH,)2(SO,)2 55.0 | 50.4 38.1 44.8 | 26.: 23.6 10660 8080 9500 
- . 


~Ivul 
tw 
=~ 
—_) 
~ 
> 


Jt 
4) 
~ 
> 

4 
we 
= 
> 


6H.O 0.0 | 58.3 41.: 21.8 26.6 12300 8790 10690 
3.0 53.5 28.2 11320 

—3.5 | 64.1 44.4 33.7 23.4 13480 9430 
—11.0 56.4 29.7 11900 
—20.0 | 69.3 46.8 58.9 | 36.4 24.6 31.0) 14570 9900 12440 
Cok.(SO4).6H2O 3955.0) 52.2 41.1 44.0 |) 23.5 18.6 19.8 | 10460 8330 8840 
20.0 | 58.6 44.9 48.6) 26.4 20.2 21.9 | 11720 9010 9750 

0.0 63.5 47.7 28.6 21.5 12690 9580 


—5.0 a 23.3 10360 
—20.0 | 67.8 50.2 54.6) 30.5 22.6 24.6 | 13500 10060 10930 


CoSO,7H.O 45.0 59.5 30.5 8700 
40.0 67.3 55.9 34.5 28.6 9830 8170 
21.0 | 71.8 59.4 63.9 | 36.8 30.4 32.8 | 10470 8680 9350 
0.0 | 76.4 63.0 67.9 | 39.2 


32.3 34.8 | 11150 9210 9910 
7 


—15.0 71.6 36. 10440 

—20.0 | 81.7 67.2 41.9 34.5 11920 9830 
Ni(NH4)2(SO4)>- 51.0 | 18.75 18.23 18.47, 9.74 9.47 9.59 4030 3920 3970 
6H.0 21.0 | 20.62 20.12 20.02 10.72 10.48 10.40 4420 4320 4290 
—15.0 | 23.11 22.57 22.46 12.03 11.75 11.66 4930 4820 4790 
—42.0 | 25.65 25.20 25.28 13.37 13.10 13.15) 5460 5350 5370 
Cu(NH,4)2(SO,4)>o- 53.0 6.35 5.17 6.13' 3.30 2.69 3.18 1500 1257 1452 
6H.O 19.0 ee 7.02 3.78 3.02 3.65 1692 1388 1640 
—5.0 7.97 7.65, 4.14 3.97) 1837 1768 

—9.0 6.49 3.37 1528 
—45.0 9.55 7.53 9.26 4.96 3.91 4.81 2163 743 =. 2103 
Cuk.,(SO,4).6H20 = 55.0 6.62 5.24 6.26 2.96 2.34 2.80 1490 1215 1420 
22.0 7.47 5.90 7.10) 3.34 2.64 3.18 1658 1349 1587 

—15.0 8.51 6.78 3.81 3.04 1865 1523 
—45.0 9.71 7.72 9.16 4.35 3.46 4.10 2105 1710 1998 


Note: It may be wise to emphasize here that the actual experimental results obtained by the 
method of this paper are the volume susceptibilities. 


solution had to be very closely the same. By working rapidly results could be 
checked to about } percent at any temperature, although the precision of the 
check was better the closer the temperature of the solution was to that of 
the room. While in the Gouy tube the solutions were enclosed with a stopper 
to prevent evaporation or condensation. In calibrating the Gouy tubes cor- 
rection for the susceptibility of air was necessary. From the foregoing, the 
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agreement of the writer with the results of Rabi, and the general consistency 
of the results, it appears reasonable that the values of susceptibility given in 
this paper are accurate to 1 percent, and that their relative accuracy is some- 
what greater, probably of the order of 0.5 percent. 

The measurements of the angle between the maximum axis of principal 
susceptibility and the crystallographic c axis are probably accurate to 1°4 and 
consistent to }°, except in the case of the nickel crystal, for which the sensi- 
tivity of angle measurement was very low with the fields available, about 2°. 


RESULTS 


Table I gives the results of the measurements of the principal susceptibili- 
ties of the various crystals, including volume susceptibilities, mass suscepti- 
bilities, and molecular susceptibilities corrected for diamagnetism. Each 
value is the average of several individual crystals, in most cases six. The 
average deviation in no case exceeded 1 percent, and in all except a very 
few cases was less than } 


} percent. Table II gives the angle, #, which the maxi- 

TABLE II. Orientation of principal susceptibilities. The numbers in this table are the values 
in degrees of the angle, @, which the maximum axis of principal susceptibility in the plane of 
symmetry makes with the c crystallographic axis. 6 is measured positive in the direction of the 
acute angle between the c and a crystallographic axes. 








Crystal Temperature in degrees centigrade 
55 50 45 40 30 20 0 —10 —20 —45 

Co(NH4)2(SO4).6H,O —43} —43} — 433 
CokK.2(SO4)26H2O —14 —13 —12} —11} 
CoSO,7H.O *—56} —553 —54} —533 

Ni( NH 4)2(SO4)26H,O —13 «at? i St «23 
Cu(NH4)2(SO4)26H.O —87 -—-84 -—-8&3 -81 -—79 —76 —72} 
Cuk,.(SO,).6H,O —1013 —1023 —104 -105 





* Above this point a large and variable change in angle indicated a change in the state of 
the crystal. This change was accompanied by a corresponding change in susceptibilities, and a 
distinct change in the appearance of the crystal, probably due to dehydration. 


TABLE III. Curie and Weiss constants. In the following table the A's and the C,,’s are those 
of the Weiss formula x,,’=C,,/(T+<A), in which x,,’ is the molecular susceptibility corrected for 





Crystal Ai Ao As | Cut C 2 Cms 
Co(NH4)2(SO,4).6H,O | —50 81 —10 2.9 3.3 3.0 
CokK.(SO,4).6H,O 5 88 67 3.5 3.5 3.4 
CoSO,7H,O 23 44 45 3.3 2.9 3.2 
Ni(NH,4)2(SO,4).6H.O 30 25 25 1.42 1.36 1.36 
Cu(NH4)2(SO4).6H,O —9 24 —2 0.475 0.44 0.47 

0.51 0.425 0.49 


Cuk,(SO,4).6H20 | 14 20 18 


mum axis of principal susceptibility in the symmetry plane makes with the 
c crystallographic axis. Fig. 3 shows the symmetry plane of the double sul- 
phates, and Fig. 4 that of cobalt sulphate heptahydrate. Table III gives the 
Curie and Weiss constants for the crystals. Figs. 5, 6, and 7 show curves of 
the reciprocal of the molecular susceptibilities corrected for diamagnetism 
plotted against absolute temperature. 











VARIATION OF MAGNETIC SUSCEPTIBILITIES 827 


Correction for diamagnetism included that for water of crystallization, 
the alkali molecule, and the sulphate ion of the metal molecule, and totalled 
180 10-* for the double sulphates and 100 X10~* for cobalt sulphate hepta- 
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Fig. 3. Plane of Fig. 4. Plane of symmetry 
symmetry of double of cobalt sulphate heptahy- 
sulphate crystals. drate. 


hydrate. The values used were those given in the International Critical Tables, 
vol. IV, page 365. In the case of crystals containing cobalt and nickel the 
diamagnetic correction is small compared with the total susceptibilities. In 
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Fig. 5. Curves of 1/xm’ against temperature for crystals containing cobalt. 


the case of the copper crystals, however, it becomes considerable, 15 percent 
in the extreme. This undoubtedly introduces some uncertainty into the 
values of the Curie and Weiss constants for these crystals, as the accuracy 
of the diamagnetic correction may be held in question. There is no certainty 
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that the linking of the components in the complex molecule does not alter 
the commonly accepted values of the ionic susceptibilities, and there is fur- 
ther no inherent reason that the diamagnetic correction is the same along 
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Fig. 6. Curves of 1/x,,” against temperature for nickel ammonium sulphate. 
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Fig. 7. Curves of 1/x,,’ against temperature for crystals containing copper. 


each axis, as has been assumed in making the correction for want of data on 
the subject. 


The results of Table I have not been corrected for the volume expansion 
of the crystals with temperature. This will introduce some error into the 
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mass and molecular susceptibilities given in the table. Values for the coeffi- 
cient of volume expansion of these crystals are not available, at least to the 
knowledge of the writer. Coefficients of volume expansion for crystals such 
as MgSQO,7H,0 and CuSO,5H,0 as given in the International Critical Tables, 
vol. IIT, page 44, are, however, all less than 10~* per °C. In the extreme case 
this would entail a correction of about 1 percent in the mass susceptibilities. 
The effect of this correction would be to increase the Curie constants slightly, 
and to make the Weiss constants all slightly more positive. Table IITA gives 
values of these constants corrected for an assumed coefficient of volume ex- 


TABLE IITA. Curie and Weiss constants corrected for volume expansion. The values in this 
table are the Curie and Weiss constants obtained after the mass susceptibilities were corrected 
for volume expansion, the coefficient of volume expansion being assumed as 10~‘ per degree 
centigrade for all the crystals. 


Cryst al A Ao Az; te 1 "a 2 i ” 
Co(NH,).(SO,4).6H.O —44 93 0 3.05 3.4 3.1 
CoK:(SO,).6H.O 15 100 78 | = 3.6 3.6 3.5 
CoSO,7H.O 31 55 56 3.4 3.0 3.3 
Ni(NH4)2(SO4)26H.O 40 35 35 1.47 1.40 1.40 
Cu(NH,4)2(SO4).6H.O —1 33 6 0.49 0.465 0.485 
CukK.(SO,).6H.O 23 30 27 0.525 0.435 0.505 


°C. Additional evidence that this correction is small is 


furnished by the measurements on the powdered crystals. In this case mass 
susceptibilities are measured directly, so that if the effect is appreciable it 
should show up when the mass susceptibilities of the powders are compared 


pansion of 10~* per 


TABLE IV. Susceptibilities of powdered crystals. In this table x is the mass susceptibility, 
and x,,’ the molecular susceptibility corrected for diamagnetism. C,, and A are the Curie and 





Weiss constants, respectively. Temperatures are in degrees centigrade. 
Crystal Powder T xX 106 Xm’ X 105 

Co(NH,4)2(SO4).6H,O 56 23.2 9340 
Cm = 3.2 22 25.9 10400 
A=14 —7 28.8 11560 
Cok.(SO,).6H.O 55 21.3 9490 
C= 3.45 19 23.8 10580 
A=37 —38 28.5 12600 
CoSO,.7H.O 45 30.7 9030 
Cn= 3.4 19 34.3 9780 
A=60 —20 38.3 10880 
Ni( NH 4)2(SO4).6H,O 52 9.60 3960 
Cc.@ 1.38 20 10.55 4350 
A=27 —40 13.08 5340 
Cu(NH,4)2(SO,).6H.O 56 3.00 1380 
Cr = 0.47 20 3.42 1550 
A=15 —39 4.25 1890 
CuK,(SO,).6H,O 56 2.68 1363 
Cr» 0.46 20 3.06 1538 
A=13 —40 3.806 1888 
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with the average mass susceptibilities of the crystals. In general there is no 
appreciable consistent difference of the sort which might be expected if the 
correction for volume expansion were of importance. 

In Table IV are given the results of the measurements on the powdered 
crystals. These were not originally intended as precision measurements, and 
as has already been pointed out under the heading Crystals, they are proba- 
bly somewhat less accurate than the results of Table I. The agreement be- 
tween the powder measurements and the averages for the crystals is in gen- 
eral so good, however, as to warrant their inclusion as a check on the latter. 


DISCUSSION 


Comparison of the results obtained at room temperatures by Fincke, 
Jackson, Rabi, and the writer is given in Table V. The agreement between 
the two latter is in general within the experimental error, except for the crys- 
tals containing copper, where there is a consistent difference of from 2 to 4 


TABLE V. Comparison of results. This table contains a comparison of the results of differ- 
ent investigators at room temperatures reduced to the common temperature 27°C. The A's 
are the principal volume susceptibilities, and @ is the angle between A, and the c crystallographic 
axis. 


Investigator K,X 108 K»X 108 K;X 108 0 





Co(NH,)2(SO,).6H.0 


Bartlett 56.8 40.6 49.3 —43 
Fincke* 55.9 43.6 45.5 —27 
Jackson 48.0 40.4 46.9 —31 
Rabi 56.2 40.7 48.9 —44** 
CoK,(SO,4).6H,O 
Bartlett 57.3 43.9 47.6 —13 
Fincke* 66.6 49.6 77.2 —21 
Jackson 61.1 49.6 53.6 —20 
Rabi 57.6 44.6 48.6 —13** 
CoSO,7H.0 
Bartlet 70.4 58.2 62.6 —55 
Fincke* 70.9 64.0 68.5 —40 
Ni(NH,4)2(SO,4)26H:O 
Bartlett 20.2 19.7 19.7 —17 
Fincke* 19.6 15.8 18.0 —16 
Rabi 20.2 19.9 20.0 —17** 
Cu(NH,)2(SO,).6H:O 
Bartlett 7.08 5.65 6.83 -79 
Rabi 6.80 5.40 6.62 —74 
Cuk,(SO,4).6H,O 
Bartlett 7.14 5.80 6.98 —102 
Rabi 7.52 5.62 6.83 —99 


* Fincke does not state the temperature at which his measurements were made. 

** There is a misprint in the published values of @ in Rabi’s paper. The values given for 
cobalt ammonium and cobalt potassium sulphate should be interchanged, as should those for 
nickel ammonium and nickel potassium. 
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percent. This difference may be partially explained by an indeterminate tem- 
perature correction, as Rabi’s measurements were not primarily concerned 
with temperature, which accordingly was not determined with care. There 
remains a discrepancy in the value of K, for copper potassium sulphate which 
is not consistent with the other differences. Comparing the values of the cop- 
per group with those of the nickel and cobalt groups in Rabi’s paper, it ap- 
pears that the value given in this paper is more consistent than that given 
by Rabi. In general Fincke’s and Jackson’s results do not agree nearly so 
closely, either with each other or with Rabi. 

Comparison of the Curie and Weiss constants found for the cobalt double 
sulphates by Jackson and by the writer shows qualitative agreement for the 
Weiss constants, and reasonably good quantitative agreement for the Curie 
constants, considering the accuracy of the determinations. For the Curie con- 
stants this is of the order of 3 percent, and for the Weiss constants not better 
than 5°. Jackson's value for the maximum principal susceptibility of cobalt 
ammonium sulphate is inconsistent with the relative values bound by the 
other three investigators of this salt. Agreement between the average values 
of the constants in this paper and those found by Jackson for the cobalt and 
nickel double sulphates in powdered form is qualitatively good. In the case 
of the curves in this paper for nickel ammonium sulphate, the writer has 
drawn them as straight lines. An equally good case might be made for draw- 
ing them with a slight downward curvature at the lower end. Further data 
at still lower temperatures are needed to indicate which is nearer the truth. 

The effect of changing the alkali ion from ammonium to potassium seems 
to be to increase slightly the Curie constants, and to make the Weiss con- 
stants more positive. There appear to be definite, though small, differences 
in the Curie constants for different axes of the same crystal in some cases. 
A recent note by Jordahl, Penney, and Schlapp* states that this may be ex- 
pected from theoretical considerations. 

Thus far most of the work done on this problem has been done over a 
comparatively small range of temperatures near room temperature, or at very 
low temperatures. The first type is open to the objection that the range of 
temperature is scarcely sufficient to give high accuracy to the determination 
of the constants, while the second has the difficulty that at low temperatures 
the variation from the Weiss law makes computation of the constants some- 
what uncertain. Thus in certain of Jackson’s work no values of susceptibilities 
are available between room temperature and about 75°K, at which point 
deviation from the Weiss law is already taking place. A complete run upon a 
typical crystal like cobalt ammonium sulphate from room temperature or 
above down to the lowest temperatures obtainable, with points at frequent 
temperature intervals, seems needed as an adequate test of theory. 

Any theoretical discussion of the magnetic behavior of these crystals must 
recognize that in the case of the copper group the diamagnetic correction is 
particularly important, a small uncertainty having a considerable effect on 
the constants. It is quite probable from results on diamagnetic crystals‘ 
4 W. Voigt and S. Kinoshita, Ann. d. Physik [4] 24, 492 (1907). 
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that this correction should be different in different directions. At present it 
is practically impossible to obtain from susceptibility measurements an ac- 
curate knowledge of what the paramagnetic susceptibilities of this group 
really are. The thermal expansion is in all likelihood different along different 
axes, and consequently the force field acting on the paramagnetic ion will be 
changed in both magnitude and direction. That this may be the case is shown 
by the particular example of copper ammonium sulphate, where the ellip- 
soid of induction is rotated almost 15 degrees with respect to the crystallo- 
graphic axes over a temperature range of 95 degrees. This type of datum 
may serve to give insight into the nature of these force fields and their de- 
pendence on temperature. An investigation of triclinic crystals, where there 
are no necessary fixed relations between crystal axes and ellipsoid of induc- 
tion, might yield results of interest. 

In conclusion the writer wishes to express his appreciation of the interest 
and advice of Professor I. I. Rabi, who suggested this problem to him, and 


his thanks to Professor N. C. Little for placing at his disposal the magnet 
used for measuring the susceptibilities of the solutions. 











SEPTEMBER 15, 1932 PHYSICAL REVIEW VOLUME 41 


Supersonic Dispersion and Absorption in CO, 


By W. H. PIrELEMEIER 
Pennsylvania State College 


(Received August 8, 1932) 


Since supersonic velocity determinations in air near a crystal oscillator usually 
yield values in excess of the accepted value, Vo = 331.6 m/sec., a similar effect with CO, 
was suspected. The velocity and the absorption coefficient were measured at fre- 
quencies beginning in the dispersion region, theoretically and experimentally investi- 
gated by Kneser, and extending beyond it to 2.09 megacycles. The author's velocity 
values are slightly less than Kneser’s experimental values but they fit his theoretically 
determined dispersion curve equally well. At the lowest frequency tested (303 kilo- 
cycles) the absorption coefficient was found to exceed, by the greatest amount, its 
value computed from Lebedew’s formula. This frequency is near the middle of the dis- 
persion region where maximum absorption is expected. According to Pierce the ab- 
sorption becomes excessive also when this frequency is approached from lower values. 
The results are presented in tabular and in graphical form. A sharp absorption maxi- 
mum appears at 217 k.c. 


I THE satellite spacing is used to compute the velocity of high-frequency 
sound in air as outlined in a previous article! the value V»)=331.6 m/sec. 
is obtained. If, however, the major peak spacing for short resonance columns 
is used the value of Vo is usually about 0.5 percent higher than this, the excess 
being due, apparently, to the much greater intensity. A similar effect was 
suspected in the case of COs. It was, therefore, considered desirable to check 
the velocity measurements of H. O. Kneser? and to extend the region which 
he investigated, if possible. It was also considered desirable to search the 
dispersion region determined theoretically* and experimentally by Kneser for 
excessive absorption. 

The general method of investigation is the same as that used previously 
by the author! and by many other investigators. Some of the latest experi- 
mental investigations were reported by Barnes,! Hershberger,> Hopwood,*® 
Richards? and Randall.* 


APPARATUS 


The apparatus is the same as that used in the previous investigation! with 
the addition of another thermometer mounted beside the sound path and a 


'W.H. Pielemeier, Phys. Rev. 38, 1236 (1931). 

2 H. O. Kneser, Ann. d. Physik [5] 11, 777 (1931). 

*H. O. Kneser, Ann. d. Physik [5] 11, 761 (1931). 

4G. F. Barnes, J. Acous. Soc. Am. 3, 579 (1932). 

5 W. D. Hershberger, J. Acous. Soc. Am. 3, 263 (1931); also, Physics 2, 269 (1932). 

6 F. L. Hopwood, Nature 128, 748 (1931). 

7W. T. Richards, Proc. Nat. Acad. Sci. 17, 611 (1931); also, G. B. Kistiakowsky and W. T. 
Richards, Jour. Am. Chem. Soc. 52, 4661 (1930). 

8 C. R. Randall, Bureau of Standards Jour. of Research 8, 79 (1932). 


833 








834 WW". H. PIELEMEIER 


radiometer or pressure vane which could be interchanged with the moveable 
reflector. An orsat apparatus was used to analyze the gas after a run was 
completed. 

RESULTS 


The results are presented in Table I and in Figs. 1 and 2. The ratio, 
¥*(CO*) / V*(A), is plotted against log v in Fig. 1. In this figure V(COz) repre- 
sents the velocity of sound in CO, reduced to 0°C, the relative humidity 
ranging from 24 to 30 percent and the purity of the CO, ranging from 91 to 
95 percent. V(A) represents the velocity in argon reduced to 0°C (V(A) =307.8 
m/sec.). This method of plotting is used in order to make a direct comparison 
with Kneser’s’ dispersion curve. The values of A, the absorption constant, 
are plotted against log vy in Fig. 2. These values were computed from pressure 
vane deflections and also from the height of the peaks which were used for 
the velocity determinations. 


TABLE I. 
Frequency, V(CQO.)in meters Percent Relative V2(CO.)/V2(A c A=c 
in kilocycles per sec. CO, humidity, in percent «10 
H, in percent 
303.8 262.5 to 265.1* 91 to 95 27 to 31 72.7 to 74.2 1.6 14. 
409.6 264.3 O4 73.7 1.7 8.1 
645.8 265.1 to 267.0 91 24 to 30 74.2 to 75.3 1.7 32 
1159.1 268.1 to 268.6 92 to 95 25 to 26 75.5 ee <9 
75.7 
1224. 268.6 to 268.7 90 30 75.8 2.2 3 
75.9 
1403. 269.6 to 269.9 91 to 92 25 to 26 76.0 ae 0.67 
76.2 





2089. 268.2 94 24 75.6 Z- 


|| a 
= 
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* The value from each of five runs was 263.6 (94 to 95 percent CO,). 


DISCUSSION OF RESULTS 


With a resonance column of cross section small in comparison with the 
wave-length the wave fronts in the component trains rapidly lose their flat- 
ness and their intensity decreases much more rapidly than it would on ac- 
count of mere absorption. If the cross section is kept constant and the fre- 
quency is increased this effect diminishes but the actual absorption increases 
in general. (Neglecting absorption bands, the coefficient of absorption should 
be porportional to the square of the frequency.) If the deviation from flatness 
is not prevented nor taken into account in absorption measurements an 
apparent or false absorption minimum might be found. With velocity depend- 
ing on intensity such a minimum would be accompanied by an apparent dis- 
persion. In consideration of these statements the measurements of Pierce,° 
Barnes,* and Kneser® on the velocity of high-frequency sound in CO: were 
viewed with a possible doubt and the upper range covered by Kneser was 
remeasured and extended to v=2089 k.c. The coefficient of absorption was 
also measured over this range. Sound beams of greater cross section were 


* G. W. Pierce, Proc. Amer. Acad. 60, 271 (1925). 
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used. The original intention was to use the satellites for the velocity deter- 
minations but they were so weak with CO, that this plan was rejected. Even 
with the lowest frequency (v=303.8 k.c.) the satellites could be definitely 
located for only a few wave-lengths from the crystal surface. This fact and 
the constant space rate at which the logarithm of the peak height decreases 
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Fig. 2. Observed absorption curve and Kneser’s tan y curve. 
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after the first few peaks, are good evidence that there is but one effective re- 
turn trip of the emitted waves in COz. 

Since the satellites observed with air at mirror positions such as to give 
resonance for low intensity (minimum velocity) waves could not be used with 
COz, the velocity values are probably slightly greater than the limiting 
velocity at the given frequency. The presence of some air (5 to 9 percent) 
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also has the effect of increasing the velocity. Probably the apparent drop in 
velocity between 1.4 and 2.09 megacycles is merely an approach to the limit- 
ing velocity for low intensity waves. (The intensity decreases through this 
range.) . 

A dispersion approximately as located by Kneser is quite evident in spite 
of the uncertainties listed above. Kneser’s? observed maximum dispersion 
occurs at approximately 224 k.c. Pierce’s® velocity curve ends near this point 
(205.6 k.c.). It is in good agreement with Kneser’s? curve. The author’s data 
agree reasonably well with the remainder of Kneser’s curve (see Fig. 1). 

A number of different symbols for the absorption coefficient are used in 
the publications on sound absorption. Lebedew and Neklapajew" use A /X’, 
Abello" uses k for one percent CO, and therefore 100 & for the pure gas, 
Herzfeld and Rice” use 47k2 which they also express in terms of other con- 
stants including ? and 7, » being the frequency and 7 a time measuring the 
rate of exchange between external and internal degrees of freedom. In Table 
I the symbol c is used for the absorption coefficient. (J=Joe~**). We may 
then write 


100k = 4rko = n*a = @/ V2 = CC. 
(1) 
From Eq. (1) a= A/\Mn? = A/V?. 

If there were no internal degrees of freedom nor dissociation of the mole- 
cules or if the internal energy were at all times in equilibrium with the exter- 
nal energy A and a would have constant values for all frequencies. This, 
however, is not the case with COs. As may be seen from Table I, the greatest 
value of A observed by the author occurs with the lowest frequency (303.8 
k.c.). Even this is above Kneser’s® observed value for »,, the frequency for 
maximum dispersion, which is approximately 224 k.c. If that value of 6 is 
selected which yields 224 k.c. it is found to be 0.95 (10)~* and not 0.95 (10)~° 
sec. as he records it. This may be seen from Kneser’s equation, 

s § € 1 1 3.349 
yy = 224k.c. = 2.24(10)5 = — — —- = — — —-: 
dr B Ca 2x B 2.5 





Thus v,,, the frequency for maximum value of y, has for its value 217 k.c. 
y represents the phase lag of the density behind the pressure. A maximum 
value of A is also expected at 217 k.c. Evidently A is approaching this maxi- 
mum at the lower end of the observed frequency range. If the value of ¢ at 
303.8 k.c. is used to compute 7 from the equation” 


¢ = 4rk, = n2a = n*[3.16(10)-™ + 1.16(10)-47] (2) 


we obtain T=0.9 (10)~7 sec. 
This is not in agreement with Kneser’s? Abklingungszeit der inneren En- 
° ° / ° . ° ° 

ergie nor with 8, the life of the vibration quanta; Lebensdauer der Schwingungs- 


10 N. Neklapajew, Ann. d. Physik 35, 175 (1911). 
" T. P. Abello, Phys. Rev. 31, 1083 (1928). 
2 K. F. Herzfeld and F. O. Rice, Phys. Rev, 31, 691 (1928). 
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quanten. B'=(10+2)(10)~-? sec. The difference may be due to the values of 
c and m used in Eq. (2). With Abello’s" exterpolated value for 100 k, r be- 
comes 0.66 (10)~? sec. This is for m= 612 k.c. which is farther above the peak 
frequency. Pierce® states that 4 mm of CO, at 205.6 k.c. are more than equiv- 
alent to 204 mm of air. Accordingly 7 is 3 (10)~? sec. and A =24 (10)-*. If 
7 is computed from the first 2 mm of Pierce’s® curve the result is 8 (10)~? sec. 
This frequency is just below that for the absorption peak. Probably 7 for 
217 k. c. would agree better with B’=10 (10)~’ sec. Peirce’s® data for 100 k.c. 
gives 5.7 (10)~* as the value of A. This is definitely on the low-frequency side 
of the absorption maximum. 

Small but very definite variations in the values of A for a given frequency 
were obtained by the author. These are probably due to the differences in the 
temperature and the humidity for the separate runs. This problem is being 
investigated and will be reported by H. H. Rogers. 

Simultaneous measurements on velocity and absorption in other gases 
by a new method of detection" are being investigated by H. L. Yeagley and 
H. L. Saxton. 

Hershberger® states two possible reasons for the multiple peaks which he 
observed. One is a frequency shift as the mirror approaches a resonance posi- 
tion. The other is the complexity in the motion of the crystal itself. The latter 
might well be the cause of those observed by the author. It is thought, how- 
ever, that this complexity is caused by the slight deviation from simultaneity 
in arrival of the multiply reflected components of the stationary waves. Only 
the components of lowest intensity and minimum velocity arrive together if 
the length of the resonance column is adjusted for this minimum velocity. 


3 In a recent article by Grossmann (Ann. d. Physik [5] 13, 681 (1932)) a somewhat similar 
method is outlined. Grossmann’s v,, is lower and his maximum value of A is much greater than 
the author’s corresponding values. The value of tr computed from Grossmann’s maximum A is 
much in excess of 10(10)~? sec. Possibly his method of correcting for diffraction is not sufficient 
to prevent an apparent additional absorption at the lower frequencies. If so, it would explain 
the above deviations. Further measurements near the peak frequency and below it are being 
made. 
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Prompt publication of brief reports of important discoveries in physics may 
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The Angular Distribution of Elastically Scattered Electrons in Mercury Vapour 


In a recent paper' in the Physical Review 
Tate and Palmer have reported results of an 
investigation of the angular scattering of elec- 
trons in mercury vapour, which confirm in 
general the results obtained by the writer 
about two years ago.? However, in the partic- 
ular case of the scattering of 80-volt elec- 
trons between 5° and 60°, Tate and Palmer 
obtain a curve which does not fall off so 
steeply as the curve I obtained first in 1929 
for 82-volt electrons.* 

Tate and Palmer suggest in explanation of 
this disagreement that I “collected not only 
electrons scattered elastically but also a large 
number of inelastically scattered electrons” 
owing to the fact that I used an accelerating 
potential between the Faraday cylinder and 
its shield to prevent secondary electron emis- 
sion from the Faraday cylinder. 

This must surely be a mistake, for reference 
to my paper will show that, in the apparatus 
I used in 1929 to obtain the curve reproduced 
by Tate and Palmer, I had no means of apply- 
ing such an accelerating potential. A retarding 
potential only was applied in the collecting 
system to prevent the collection of inelasti- 
cally scattered electrons. 

It is true that I obtained an almost iden- 
tically similar curve with my new apparatus 
in which an accelerating potential was applied 
to prevent secondary emission, but the very 
fact that the curve was almost identical shows 
that no error was introduced by using this 
accelerating potential. 

The reason why an accelerating potential 
may lead to the collection of inelastically scat- 
tered electrons is that part of the retarding 
potential may be rendered ineffective in stop- 
ping electrons which have lost energy, owing 
to penetration of the accelerating field into 
the retarding field. The extent of this penetra- 
tion will obviously depend upon the size of the 
opening in the diaphragm separating the two 
fields, and the fraction of the retarding field 


neutralized by the accelerating field will de- 
pend upon the ratio of the size of this opening 
to the distance between the slits across which 
the retarding potential is placed. In my new 
apparatus this ratio is 2.5, whereas in the 
apparatus used by Tate and Palmer the ratio 
is about 5 3, i.e., the width of the slit is greater 
than the distance over which the retarding 
field extends. It is not surprising therefore that 
serious distortion of the retarding field was 
produced by the accelerating field in their 
apparatus, while in my apparatus the effect 
of the accelerating field was very small. There 
is thus no justification for the statement made 
by Tate and Palmer that 
system 


“as Arnot’s slit 
is similar in dimensions to ours it 
would seem that his measurements are subject 
to this error.” 

A very slight interpenetration of the fields 
was observed in my work, but the small reduc- 
tion in the retarding field so caused was always 
corrected by increasing the retarding field 
until only the elastically scattered electrons 
were received. This was effected by the fol- 
lowing procedure. At each energy of the pri- 
mary electron beam a velocity distribution 
curve of the scattered electrons was taken. 
From an examination of this curve the retard- 
ing potential could then be set so as to exclude 
all inelastically scattered electrons from the 
Faraday cylinder. In an investigation of this 
nature one naturally takes such precautions 
as these. 

F. L. ARNOT 

The University 

St. Andrews 
August 9, 1932. 


1 J. T. Tate and R. R. Palmer, Phys. Rev. 
40, 731 (1932). 

2F. L. Arnot, Proc. Roy. Soc. A130, 655 
(1931); A133, 615 (1931). 

3F, L. Arnot, Proc. Roy. Soc. A125, 660 
(1929). 
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Lower Limit for the Ground State of the Helium Atom 


In a recent paper’ I have derived an expres- 
sion for a lower limit of the lowest energy 
level of a Schrédinger equation. In order to 
show how practical this expression was, it was 
evaluated for the case of helium with a hydro- 
gen-like function. This turned out to involve 
an integral which I was not then able to 
evaluate, and what was thought to be a safe 
approximation of (7/16)a? was given. Through 
Mr. E. B. Wilson, Jr., however, I have ob- 
tained the exact value, which is (2/3)a*. The 
result is that the lower limit is pushed so far 
down (9.4 Rh, experimental value 5.809 Rh) 
that this simple example is of no value. This 
does not vitiate the expression theoretically 
inasmuch as it approaches the true value 
from the bottom as rapidly as the upper limit 
does from the top, but practically its useful- 
ness is strongly impaired since more exact 
functions, such as those given by Hylleraas,? 
are required in order to get a reasonably close 
lower limit; and for these functions the com- 
putations are much more involved. So far, the 
computations have been carried out only for 
the worst function of a group given by Hyller- 
aas. 


1D. H. 
(1932). 

2 E. A. Hylleraas, Zeits. f. Physik 54, 347 
(1929), 


Weinstein, Phys. Rev. 40, 797 


I have found an expression for a lower 
limit which is an improvement over the one 
originally given. We have in the same nota- 
tion as before, 


co] 
In — IT? => (wn — hh)*a,? 


n=( 


wo 
= (vw — hh)? + > (wn — Wo) 
n=l 
(wn + wy — 
If now J; S$ (wi+wo)/2, Eq. (1a) will contain 
positive terms only. Hence, J2—J,;? = (wo —J;)?. 
Now since J; 2wo, 1; —(d2—h?)"* Sw. This 
new lower limit is virtually an absolute lower 
limit since the restriction (2) is nearly always 
satisfied, and a theoretical discussion of it can 
be easily made. 
It is also worth noting that J.2J/,? in gen- 
eral, as is obvious from Eq. (1). 


2/; la,” ° 


If we use a hydrogen-like function we get 
I,—(2—I,*)"? = —7.6 Rh, while the upper 
limit is —5.5 Rh. If we use the Hylleraas func- 
tion §£=(1+¢f)exp(cs) we obtain —6.8 Rh 
for the lower limit and —5.75 Rh for the upper 
limit. It is seen that, as expected, improving 
the function also improves the lower limit, 
which, however, does not approach the ex- 
perimental value so rapidly as the upper limit. 

D. H. WEINSTEIN 

California Institute of Technology, 

August 16, 1932. 
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BOOK REVIEW 


Elektrolyte. HANS FALKENHAGEN. Pp. 346+xvi, Figs. 104. S. Hirzel, Leipzig. Price 23. 
RM. 

This is a comprehensive monograph on various aspects of the electrolyte problem from 
the point of view of the Debye-Hiickel theory. The author has made valuable contributions to 
the subject of electrolytic conductance and is well qualified to present this subject. Purely ther- 
modynamic properties are treated in extenso as well as important related subjects, such as the 
dielectric constants and viscosities of electrolytes. 

The mathematical treatment naturally follows closely the notation and methods developed 
by the German school, but significant variations and advances introduced by others receive 
recognition. Both the expert and the investigator who approaches the subject for the first time 
will find the book a valuable source of information. 

Victor K. La MER 
Columbia University 
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JOURNAL OF THE OPTICAL SOCIETY OF $ : 
AMERICA F. K. Ricutmyer, Edilor-in- 
THE REVIEW OF SCIENTIFIC INSTRU- Chief 
MENTS 
F. R. Watson, Chairman Edi- 
JOURNAL OF THE ACOUSTICAL SO- torial Board 
CIETY OF AMERICA WaALLAce WATERFALL, Manag- 
ing Editor 


JOURNAL OF RHEOLOGY—E. C. Bincnam, Managing Editor 
The Institute represents about 5000 members and subscribers who are devoting them- 
selves to physics by research, by application of its principles, by teachi 
study. It is part of its purpose to foster cooperative between n physica 
the science of physics on one hand and allied sciences, the arts and 

other. lt is empowered to administer grants and endowments, 








































